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ABSTRACT.  This article is concerned with frame constructions on domains and manifolds. The
starting point is a unitary group representation which is square integrable modulo a suitable
subgroup and therefore gives rise to a generalized continuous wavelet transform. Then gener-
alized coorbit spaces can be defined by collecting all functions for which this wavelet transform
is contained in a weighted L p-space. Moreover, we show that a judicious discretization of the
representation leads to an atomic decomposition and to Banach frames for these coorbit spaces.

1. Introduction

One of the classical tasks in applied analysis is the efficient representation/analysis
of a given signal. Usually, the first step is the decomposition of the signal into suitable
building blocks. Starting with Fourier analysis around 1820, many more or less successful
approaches have been suggested. Current interest especially centers around multiscale
representations of wavelet type. Wavelet bases have several remarkable advantages. Among
others, they give rise to characterizations of function spaces such as Besov spaces and
provide powerful approximation schemes, see, e.g., [5, 6]. However, in recent studies, it
has turned out that the use of Riesz bases may have some serious drawbacks. One important
problem is the lack of flexibility which is in some sense a consequence of the uniqueness of
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the representation. Therefore, one natural way out suggests itself: why not using a slightly
weaker concept and allowing some redundancies, i.e., why not working with frames? In
general, given a Hilbert space H, a collection of elements {e; };c7 is called a frame if there
exist constants 0 < A; < Ay < oo such that

ALl FI, < D I e ul® < Al f115, - (1.1
i€Z

The frame concept has been introduced by Duffin and Schéfer [7]. However, the starting
point of the modern frame theory was the fundamental Feichtinger/Grochenig theory which
has been developed since 1986 in a series of articles [9, 10, 11, 12, 13]. This very aestetic and
subtle theory is essentially based on group theory. Given a Hilbert space H, the first step is
to find a suitable group G that admits a (square) integrable representation in 7 and therefore
gives rise to a generalized (continuous) wavelet transform. Then, so-called coorbit spaces
can be defined by collecting all functions for which this wavelet transform is contained in
some weighted L ,-space. Finally, a judicious discretization of the representation produces
the desired frames for the coorbit spaces. This approach works fine for the whole Euclidean
plane and produces a general framework that covers, e.g., the classical wavelet and Weyl—
Heisenberg frames. However, when it comes to practical applications, also the case of
bounded domains and manifolds is important. Then, very often the problem arises that the
group acting on the manifold is too ‘large,’ i.e., its representation is not square integrable.
One natural remedy as suggested, e.g., by Ali et al. [1] and Torresani [18], is the concept of
square-integrability modulo quotients. In this case, one has to find a certain subgroup P such
that, after restricting the representation to the induced quotient space G /P, one is again in a
square integrable setting. However, by this passage to quotients the very convenient group
structure gets lost, so that many of the building blocks used in the Feichtinger/Grochenig
theory such as convolutions are no longer available. Nevertheless, in the previous article [3],
we have shown that a quite natural generalization of the Feichtinger/Grochenig theory to
quotient spaces is indeed possible. The major tool was a generalized reproducing kernel.
The application of the corresponding integral operator in some sense replaces the usual
convolution. Then, under certain integrability conditions on this kernel it has turned out
that all the basic steps of the Feichtinger/Grochenig approach can still be performed. By
employing the concept of square-integrability modulo quotients, generalized coorbit spaces
may be defined. Moreover, one can define an approximation operator which produces
atomic decompositions for these coorbit spaces. Furthermore, a reconstruction operator
can be introduced in a similar fashion and the Banach frame property can be established.

To keep the technical difficulties at a reasonable level, in [3] only the ‘simplest’ class
of coorbit spaces was considered. However, the coorbit approach allows the definition of
whole scales of smoothness spaces by collecting all functions for which the generalized
wavelet transform has certain decay properties, i.e., by considering weighted spaces. To
fill this gap is the major aim of the present work.

This article is organized as follows. In Section 2, we collect all the facts on group
theory that are needed for our purposes. Then, in Section 3, we introduce and analyze our
generalized weighted coorbit spaces. Section 4 contains the main results of this article. In
Section 4.1 we explain the setting and state all the conditions that are needed to establish
atomic decompositions and Banach frames for the generalized weighted coorbit spaces.
Section 4.2 is devoted to the definition and the analysis of the underlying approximation
operators. Then, in Section 4.3 we establish the frame bounds. This part of our analysis
is essentially based on a version of the Riesz—Thorin interpolation theorem. Since this
specific version was not found in the literature, we have included a proof based on complex



Weighted Coorbit Spaces and Banach Frames on Homogeneous Spaces OF3

interpolation in the appendix. It turns out that the analysis can also be carried over to the dual
spaces of the weighted coorbit spaces. The arguments are sketched in Section 4.4. Finally,
in Section 5, we explain how the whole machinery can be used to analyze functions on the
spheres. In particular, we show that the analysis presented in this article enables us to define
generalized modulation spaces on the spheres and to construct atomic decompositions and
Banach frames for them.

2. Group Theoretical Background

Let G be a separable, locally compact, topological Hausdorff group with right Haar
measure v. A unitary representation of G in a Hilbert space H is defined as a mapping
U of G into the space of unitary operators on H such that U(g o g’) = U(g)U(g’) for all
g, 8 € Gand U(e) =1d. A unitary representation U is called

* irreducible, if the only closed subspaces of H which are invariant under all oper-
ators U (g) (g € G) are {0} and H,

o strongly continuous, if the mapping g — U (g)g is continuous from G to ‘H for
all p € H.

The representation U is said to be square integrable, if there exists a nonzero vector ¥ € ‘H
which fulfills the admissibility condition

f [, U(g)¥)3|* dv(g) < 0.
g

Strongly continuous, irreducible, unitary representations which are square integrable form
the background of the short-time Fourier transform and the continuous wavelet transform,
where the relevant groups are the reduced Weyl-Heisenberg group and the affine group,
respectively. Unfortunately, there are many cases of practical interest, where the group is
too large such that no square integrable representation exists. Typical examples are the
Schrodinger representations of the Weyl-Heisenberg group on L;(R"). Very often, these
cases can be handled by restricting U to a homogeneous space X = G /P, where P is a
closed subgroup of G. Unless otherwise stated, we shall always consider right coset spaces
Pg (g € G). Because U is not directly defined on X, it is necessary to embed X in G.
This can be realized by using the canonical fiber bundle structure of G with projection
IT:G — X. In the following, let 0 : X — G be a Borel section of this fiber bundle,
ie.,, [Too(h) = h forall h € X. In this article, we always assume that X carries a G-
invariant measure w, i.e., a measure invariant under the action 4 — hg (h € X, g € G).
Of course such a measure does not exist for every X = G/P. However, X always carries
a quasi-invariant measure and possible generalizations to this setting will be studied in a
forthcoming article [4]. Unless otherwise stated, in this article (-, -) always denotes the
L»-inner product

(F,G) = f F(x)G(x) dp(x)

X

whenever the integral is defined.
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By [1], an irreducible, unitary representation U of G on H is called square integrable
mod (P, o), if there exists ¥ € H such that the integral

/ (f, U (o))} Ulo ()Y o dpet)

X

converges weakly to a positive, bounded operator A, (dependent on o and 1) which has a
bounded inverse A;l, in the sense that

(Ao f. 8)n = /(f, U(o(h)™") )y, (8. U(a ()= ), du(h) . @2.1)

X

If A, = A Id for some A > 0, then we call U strictly square integrable mod (P, o) and
(¥, o) a strictly admissible pair. In this article, we focus our attention to strictly square
integrable representations, where we normalize iy so that A = 1. The general square
integrable case for homogeneous spaces will be handled in the forthcoming article [4].

If U is strictly square integrable mod (P, o) for ¢ € H, then it is well-known, see,
e.g., [1] that the set

05 = {U(et™)w 1 h e x|
is total in H, i.e., (Oy)* = {0} and that the map Vy : H — La(X) given by
Vg f(h) = (£, U(c (W) )¥)y, 2.2)
is an isometry from # onto the reproducing kernel Hilbert space
My :={F € La(X) : (F,R(h,")) = F(h)}
with Hermitian reproducing kernel

R(h.1) = Ryoy(h,)) = (Ul ). U(c)")¥), (2.3)
= (Y. U(ocyo D))y,
= V(U Hy)O .

Note that by the Schwarz inequality

ess sup |R(h, D] < Y13, . 2.4)
h,leX

Thus, Vy, can be inverted on its range My by its adjoint Vi given by

ViF(s) i= / FU (o ()~ )y (s) dph) .

X

For f € H, this provides us with the reconstruction formula

fF=ViVyf= /(f, U (o)) )y, U(c )Yy duh) . 2.5)
X
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3. Weighted Coorbit Spaces on Homogeneous Spaces

In this section, we extend our considerations of functions belonging to coorbit spaces
on manifolds, cf. [3], to the concept of weighted coorbit spaces. By this extension we are
able to characterize a wide range of function spaces on manifolds, e.g., in dependence on the
underlying group we may obtain generalized modulation and Besov spaces, respectively,
or some mixed function spaces. In order to keep comparisons as simple as possible, we
adapt the notations given in [3, 9, 10, 11, 12, 13].

Let U be a strictly square integrable representation of G mod (P, o) with a strictly
admissible function ¥. We introduce a positive, continuous weight function w on G which
is in addition submultiplicative, i.e., w(g o &) < w(g) w(g) forall g, g € G, and uniformly
bounded from below, i.e., w(g) > 1 for all g € G. Associated with w we are concerned
with the weighted L ,-spaces on X = G/P defined for 1 < p < oo by

1/p
Lpw(X):= {f measurable on X : || fllL, , = (/ | f (W)|Pw (o (h))? d,u(h)) < oo},
X

and for p = oo by

Loow(X) = {f measurable on X : || fllL,, :=esssup | f(h)|w(o(h)) < oo} .
heX

Throughout this article, we impose the fundamental condition

h
/ IR(h,l)I%du(h) <cy G.1)

X

with a constant Cy independent of [. This implies by (2.3) that Vy (U (o (l)_l)lﬁ) €
Ly w(X) foralll € X.

The first problem is to provide a suitable large set that may serve as a reservoir of
selection for the objects of our coorbit spaces. By H| , we denote the space of all continuous
linear functionals on the linear space

Hiw:={feM: VyfeLinX)}.
The norm || - ||, , on Hj y, is defined as
I fllEy, =11V fllL,, -

Lemma 1.

The following dense and continuous embeddings hold true

Hiy— H— H{,w .
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Proof. By (3.1) we observe that O, C Hj 4. Since Oy is total in H we conclude that
Hj y is dense in H. Further, for f € Hj 4, we have by the Schwarz inequality that

I £113,

vy £liz, = fl(f,U(a(h>*‘)w>H| |Vy f ()| duh)
X

IA

Il 1l IIIPIIH/ [Vy f (W) dch)
X

A

= Wl Il Ve fllL, -

Thus, | fll < ¥l I fl#,,,- This implies that Hy,,, < H. The remaining part of the
proof follows by Lemma A.1 presented in the appendix. L]

The operator Vy, in (2.2) can be extended to an operator on H{ , by

Vi f ) = {£.U(e®™ )W)y - 3.2)

Since Oy is total in Hj ,, the operator Vy, is injective. For later use, we define an operator
VyonL_ 1 by

(Vy F, Ny, = (F-Vyg)  forall g € Hi. (3.3)

The properties of Vy, and Vw are explained in the following lemma.

Lemma 2.

The operator Vy, defined by (3.2) is a bounded operator from H{,w toL_ 1. The
operator ‘710 defined by (3.3) is a bounded operator from L
and \71/, satisfy

110 Hl/,w' The operators Vy,
VyVyF(h) = (F, R(h, ")) (3.4)

forall F e L 1.

Tw

Proof. Forany f € H' _, we obtain by (3.1) that

1w’
Wofle,, = IAUEO Wy ol
1 -1
< Wl esssup s U™y,
< Cyllflu, - (35)
Thus, Vy : Hl/,w — L, 1(X) is a bounded operator.

Sw

For F € L 1(X) we have

[VoFly = sup [(VyFigly | = sup [(F,Vyg)l
L gl , =1 Lw X, Igla, =1
< s Fle, Vgl = IFlL_,

lglay =1



Weighted Coorbit Spaces and Banach Frames on Homogeneous Spaces OF7

Consequently, \71/, : L 1(X) - Hj, is a bounded operator. Finally, we obtain for
F € L 1(X) that '

VpVyFiy = (W F.U(eW™ W)y oy, = (F Ve (U(em™)y))
= (F,R(h,")). L]

Similar to the definition of coorbit spaces in [3] we define weighted coorbit spaces
by
Mpw:={feH],: VyfeLlyw(X)},
with 1 < p < 0o and norm
1A, = 1Vy fllL,., -

It is straightforward that || - ||y, , defines a seminorm. The property that || fllum,, =
0,i.e., Vy f =0, implies f = 0 follows by Lemma 1 and since O, is total in H.
The weighted coorbit spaces M, ., are closely related to the subspaces

Mpw:={F € Lpw(X): (F,R(h,)) = F(h)}

of L, (X) with 1 < p < oo. More precisely, the following fundamental correspondence
principle holds true:

Theorem 1.

Let U be a strictly square integrable representation of G mod(P, o) and  a strictly
admissible function. Assume that the kernel R fulfills (3.1).

(i) Forevery f € M, v, the following equation is satisfied
(Vy f, R(h,-)) = Vy f(h),

ie., wa S Mp,w.
(ii) Forevery F € My, 1 < p < 00, there exists a uniquely determined functional
feMpy suchthat FF = Vy f.

Consequently, the spaces M, , and M, ,, 1 < p < 00, are isometrically isomorphic.

Proof.  (i). Since U(o(h)~!)y € H we have by (2.5) that
Vel = (LUC® ™)y o,

<f, f R(h,l>U(o<l)‘)wdu<z>>
X Hl/_wXH],w

For f € H, we obtain by (3.1) that

/ IR DI U@ "))y | di) < Cypwo ) || £llag 1112 -
X

Thus, by the Fubini theorem, one may change the order of integration. By Lemma 1 this

remains true for f € H| . We obtain

Vst = [RGDILUEO )W)y

X
(Vy f. R(h,-)) .

, dud)

1,



OF8 Stephan Dahlke, Gabriele Steidl, and Gerd Teschke

(ii). For F € M, 4, 1 < p < 0o, we have that

/ FORCD dudl)

X L

0o,

IFlle

gl—

S

o 1
= ess:lelg /F(Z)R(hvl)du(l) w(o(h)

By applying the Holder inequality with 1/p + 1/g = 1 and using w(g) > 1forall g € G
we further conclude that

/ FORG D du)| < / \FQ) wio ()[R, D] du(l)
X X
1/p
< / \FDI? wP (o (1)) |R G, D] d(D)
X
1/q
x /|R(h,z)|du(z)
X

Therefore, by (2.4), (3.1), and since w(g) > 1 for all g € G, we obtain

1 2
IFllL_, </ 115 IFIL,, -

1
Thus, F € L 1 (X) and by (3.4) we obtain that F = Vw(VwF), where ‘Z,,F € Hl’ » and

since F' € L ,(X) also ‘71,, F € M, ,. The uniqueness condition follows by definition of
Mp . L]

In a similar way we can prove a correspondence principle between the spaces M »
and M 1.
Py

1
Tw

Corollary 1.
Let U be a strictly square integrable representation of G mod(P, o) and  a strictly
admissible function. Assume that the kernel R fulfills (3.1).

(i) Forevery f € Mp , the following equation is satisfied

1
w

(Vy fs R(h, ) = Vy f(h),

ie,Vyf e Mp)i-
(i) Assume that the kernel R satisfies the additional condition
l
sup |R(, |22 D) (3.6)
h,leG w(o (h))

Then, for every F € M b Lo 1 < p < oo, there exists a uniquely determined
functional f € Mp such that F = Vy f.

L
'
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Proof.  The proof of part (i) is almost the same as those of Theorem 1.
To show (ii), we conclude by using (3.6) that

/F(Z)R(h,l)du(l) < /|F<l>|%(|R(h,z)|w(a<l>)>‘/P+‘/Qdua>
J NG m)

X
| 1/p
< /IF(l)I"WIR(h,l)lw(a(l))du(l)
X
1/q
X fIR(h,l)lw(G(l))du(l)
X
<

Cywl@m)IFIL, , -

The rest of the proof can be performed by following the lines of the proof of Theorem 1 (ii).
[]

Applying Corollary 1 (i) and (3.4) we get for f € Hl”w that

Vy Vy (Vy )(h) = (Vy f, R(h, ) = Vy f (h) .

Hence, Vy, Vy is the identity on H| . and we have the reconstruction formula
f=VyVyf= /(f, U(a(h)*‘)zp)Hl, wal’wU(a(h)*l)w duh) .
X

Further we can establish the following relationship:

Corollary 2.

/ o
The spaces M, 1 and H| ,, coincide,

1
/
My 1 =H,.

Proof. For f € Hl”w we have by (3.5) that ||V¢f||Loo

we have for f € M__

< Cyllf ;- Conversely,

S

L
Tw

I, = sup [(fgdm xmnl= swp [(VeVufig)y |
‘ gl =1 gl =1 Lw 2
= sup (Vy Ve Ve Sl - 0
gl ,=1 "W

The next natural question is to which extent the spaces M), ,, are independent of the
choice of the analyzing function and of the section. In the following lemma, we classify
the admissible pairs which give rise to the same coorbit spaces.

Lemma 3.

Let (Y, 0) and (n, T) be two strictly admissible pairs such that the corresponding
kernels Ry o) and R, vy satisfy (3.1). Moreover, let us suppose that for some suitable
constant 0 < C < 0o

éw(o(h)) <w(r(h) < Cw(o(h))  forall heX. (3.7)
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Let R(h, 1) := (U(o (b)Y, Ut ()" n)gy fulfill the conditions

w(o () w(o ()
/ Rty | 20 du) < Cr. / Rty | 20 ) < Cr G8)

w(o () / w(o (1))
R, )| ———duh C R, )| ———du( C 3.9
/| (h, D | ——— wo ) uh) <= Cr, | IRAWD| ——= 0w () uld) < Cr (39

with a constant 0 < Cr < oo independent of h and I, respectively. Then the norms
I flIsm, .0 and | flim, ,.nc are equivalent.

Proof. By (3.7), the norms || - || and || - |
third index as before.

Next, we show that the spaces Hj y, y o and Hj y - have equivalent norms, which
implies also the equivalence of the corresponding dual spaces. Let f € Hj y,y,0. By (2.1)
and definition of Vi, and V,;, we have that

are equivalent, so that we drop the

p.w,o |Lp,w.r

/ Vi f(R 1) du(h) = Vy £ (1)
X

and consequently,

I H e = /Ian(l)lw(T(l))du(l)

=< //IVyzf(h)IIR(h,l)IdM(h)w(f(l))du(l)
X
= /Iwa(h)IW(G(h))/IR(h DI——= wir®) du)du(h) .
w(o (h))

Using (3.9) and (3.7), we obtain that

”f”Hl,w,r],r S C ”V‘//f”Ll,w = C ”f”Hl.w,\//.rr *

By changing the roles of (¥, o) and (5, t) and using (3.8) instead of (3.9), we can also
prove the opposite inequality. In the following, we write again H ,, instead of Hj y o OF

Hl,w,r[,r-
Now, for F € L, ,, we obtain

VyVoF(h) = (VUF,U(a(h)*])w)Hl,lwal
= (F,R(h,").

= (F,V,U(e()~")¥)

W

Therefore, by applying (3.8) and the generalized Young inequality as discussed in the ap-
pendix, we get

[VyVaFl,,, < CIFIL,., - (3.10)

Setting F := V) f with f € M}, 5 and regarding that V V, is the identity on H|{
conclude from (3 10) that

L atywpo = 1V £l < CIVi FllLp = ClLF by -

By interchanging the roles of ¢ and n and using (3.9) the assertion follows. L]

lw’
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4. Atomic Decompositions and Banach Frames for
Weighted Coorbit Spaces

In this section, we derive some atomic decompositions for the weighted coorbit spaces
established above and construct suitable Banach frames. The results are essentially a gen-
eralization of [3]. Consequently, for comparability reasons, our presentation follows the
lines of [3]: Section 4.1 states, after some preparations, our main theorems. These results
are proved by analyzing some suitable approximation operators in Section 4.2 and by ver-
ifying a couple of lemmas concerning frame bounds in Section 4.3. Here we were again
inspired by the pioneering work of Feichtinger and Grochenig, [10, 11, 12, 13]. Finally, in
Section 4.4, we also briefly discuss atomic decompositions of the dual spaces.

4.1 Setting and Main Results

Before we can state and prove our main results, some preparations are necessary.
Given some compact neighborhood U of the identity in G, a family X = (x;);c7 in G is
called U-dense if | J; .7 Ux; = G. A family X = (x;);e7 in G is called relatively separated,
if for some compact neighborhood Q of the identity there exists a finite partition of the
index set Z, ie., I = U:OZIL, such that Qx; N Qx; = Y forall i, j € Z, withi # j.
By [11], this is equivalent to the property that for any compact set L C G there exists a
finite partition of Z such that x; N Cx; = @ fori, j,i # j,inthe same part of the partition.
Note that these technical conditions can be easily fulfilled by some families X" in all the
settings we are interested in.

Let be an arbitrary neighborhood of the identity in G. By [8], there exists a bounded
uniform partition of unity (of size If), i.e., a family of continuous functions (¢;);ez on G
such that

* 0<gi(g)<lforallg eg;

 there is a U-dense, relatively separated family (x;);c7 in G such that supp ¢; <
Uxi;

ZieZ pi(g)=1forallg € G.

It can be shown that X’ can always be chosen such that o (X) NUx; # @ implies x; € o(X),
see [15]. Let
Iy ={ieZ: o(X)NUx; 0} .

Then there exist #; € X such that x; = o (h;), where i € Z,,. Note that
Y gilc) =1,
i€Z,

where h € X.

We define the U-oscillation with respect to the analyzing wavelet ¢ as

oscy(l h) = sug‘(w,U(a(l)a(h)*‘)w—U(u*‘a(l)o(h)*‘)w)H’.

For later use, let us also remark that

oscy(h, 1) = suB((w,U(G(Z)o(h)—‘)w—U(o(l)a(h)—lu)w)H).
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In this setting, we can formulate our main theorems which we shall prove in the
following subsections. The first one is a decomposition theorem which says that discretiz-
ing the representation U (o (-)~!) by means of a I/-dense set indeed produces an atomic
decomposition of M, .

Theorem 2.

Let G be a locally compact, topological Hausdorff group with closed subgroup P
such that X = G/P carries an invariant measure . Let w be a weight function on G.
Further, let U be a strictly square integrable representation of G mod(P, o) in H with
strictly admissible function . Assume that the kernel R fulfills (3.1). Let a compact
neighborhood U of the identity in G be chosen such that

h h
[osuam = anw <y and [ st BED dutiy <y
w(o (1)) w(o (1))
X X
where y < 1. Let X = (x;);ez be a U-dense, relatively separated family. Furthermore,

suppose that for some compact neighborhood Q C U of the identity
uthe X :o(h) € Qo(hj)} =Cgo >0 4.2)
holds for all i € I, and that
_ _ w(o (h))
/ sup ‘(U(o(h) Ny, U(a ) IQ)WH‘ ”

g aeQ (¢~ lo)

du(l) < Co 4.3)

with a constant C‘Q < 00 independent of h € X. Then My, 1 < p < oo, has the
following atomic decomposition: if f € My, 1 < p < 00, then f can be represented as

f=Y caU(oth)™")y,
icT,

where the sequence of coefficients (¢ci)iez, = (¢i(f))iez, € Lp,w depends linearly on f
and satisfies

|eiez, [, , < Alflu,., - (4.4)
If (¢))iez, € Lpw then f = ZieIg c,'U(o(hi)fl)lp is contained in M, , and
1 £y < B ciez, |, - 4.5)

Here we use w = (w(x;));ez, as discretized weight sequence and
Epw = {c = (eiez, : lclle,,, = lcwle, < oo}

forl < p < o0.

Given such an atomic decomposition, the problem arises under which conditions
a function f is completely determined by the moments or coefficients (f, U (o (h;)~!)
v) H] X Hy and how f can be reconstructed from these coefficients. This question is
answered by the following theorem which shows that our generalized coherent states indeed
give rise to Banach frames.
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Theorem 3.
Impose the same assumptions as in Theorem 2 with

w(o (h)) Y w(o (h)) Y
/OSCu(h, l)m du(l) < C_I// and /OSCu(h, l)m d,bL(]’l) < C—w , (46)
X

X

where y < 1, instead of (4.1) and with

~lo (1)) -
U™, U(e@™ wla—o®) iy < ¢ 47
X/qsgg\( 0™ U0 )y | = s dnh < Co @)

where C o < 00 is a constant independent of h € X, instead of (4.3). Let R fulfill the
additional property

w( (h)
R ———du(l . 4.8
/I (h, wod) pd) = Cy 4.8)

Then the set
{vi=vn) ™y iet,]

is a Banach frame for M, ,,. This means that
W) f €My ifand onlyif (f Vi) iy i, DicT, € Lps
(ii) there exist two constants 0 < A’ < B’ < oo such that
AN Wty < N0y i iez ey < B Mty s 49)
(iii)  there exists a bounded, linear reconstruction operator S from £, y, to M, ., such
that S((f. i)y, )iez,) = [-

For further information concerning Banach frames, we refer to [16].

4.2 Approximation Operators

In this section, we examine two different approximation operators on M, ,,. We use
the results to construct expansions for the spaces M, ,,, which then, by the correspondence
principle in Theorem 1, lead to expansions for the coorbit spaces M, .

We consider the following approximation operators:

T,F(h) = Y (F.¢ioc)R(hih)
i€y

= Y / F)gpi(o (1) du@)R(hi, h) ,
ielys x
SpF(h) = Y F(hi){gioo, R(h,-))

iely

= ZfF(hi)fﬂi(d(l))R(l,h)dM(l)-

iEIa' X
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So far, it is not clear a prior whether these formal expressions make sense at all and
on which spaces they are bounded operators. This will be clarified in Theorem 4 below.
Another remark is required on the meaning of the sum over Z,. We order the finite subsets
of Z, by inclusion, then } ;7 ... will be understood as the limit of the partial sums over
finite subsets of 7.

The first step is to establish the invertibility of the operators T, and S,.

Theorem 4.

(i). If the conditions (4.1) are fulfilled, then the operator Ty : My — M is
bounded with bounded inverse.

(ii). If the conditions (4.8) and (4.6) are fulfilled, then the operator Sy : M, ) —
M v is bounded with bounded inverse.

Proof. By definition of M, ,,, we have for F € M, ,, that

F(h) = (F,R(h,-)>=fF(1)R(h,l)du(l)
X

= ¥ [ Faweanra.mduo)

i€ly x
and consequently,

F(h) =T, F(h) = Z/F(l)wi(o(l)) [R(I,h) — R(hi, h)] du(l) ,
ieI(,X

F(h) — Sy F(h) = Z /[F(l) — F(h)lpi(c )R, h)dul) . (4.10)
ieIUX

Let us first consider F' — T, F. By the definition of R we obtain

|F(h) — T, F(h)]

IA

Z / [F(Dlpi(c )R, h) — R(hi, h)| dp(l)
ieIGX

> / |F(D)lgi(o (1)

iGIg X

(V. U(com ")y — U(o(hl-)o(h)—l)m%\ du(l) .

X

Now o () € Ux; implies that there exists u € U such that o(l) = ux; = u o (h;). Thus,
o(h)) = u"to(l) and we get

|F(h)—T,F(h)| < Z /IF(I)Iwi(G(l)) oscy/(l, h) du(l) =/|F(l)| oscy(l, h) du(l).
iels x X

By recalling the assumptions (4.1) and applying the weighted Young inequality (see ap-
pendix), we obtain

I1F=TpFllL,, =10 =T)FllL,, =¥ IFlL,., -
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Consequently, I — T,lll < 1,i.e., I — T, is a contraction on M, ,. Thus, regarding that
M7l < Ty — Il + I ll, we see that Ty, is a bounded operator with bounded inverse.
Next we consider F' — S, F. Since F € M, ,, and by the definition of R we obtain

[F(D) — F(hi)| = /IF(g)IIR(g,l)—R(g,hi)ldu(g)

= / F@I[(v. U(e@e ™)y = U(o@a ™)), | due)
X

By (4.10) we are only interested in / € X with o (I) € Ux;, i.e., o(l) = uo(h;) for some
u € U and hence, o (h;) ™' = o (1) 'u. Thus,

F() = Fhy) < / F ()] oscu(l. §) du(g)
X

and since (¢;) is a partition of unity

Y IFW) = Fh)lgi(o ) < / |F(g)| oscy(l, g) du(g) -

i€ly

Then we obtain by (3.1), (4.8), (4.10), and the weighted Young inequality

IF = SpFliL,., =Cy Z |F(-) = F(hi)lgi(o(-) < Cx// IIFIIL,, w -
i€l Lp.u'

Consequently, I — S, is a contraction on M, ,, and S, is a bounded operator with bounded
inverse on M, ;. U

Using the correspondence principle we can derive the following representation of
functions from our coorbit spaces.

Corollary 3.
Any function f € M, y, can be decomposed as
f=Y caUlem)y™)y. (4.11)
i€ly
where
¢ =ci(f):= (T(p_lF,%' oo)
and F :=Vy f.

Proof. By Theorem 1 (i) and Theorem 4 (i) we have that

Vy f(h) = F(h) =T,T, ' F(h) = > (T, ' F.¢i o o)R(hi. h) .

i€l
Since \71/, Vi is the identity on H ]’ w and \71/, is bounded on L o, 1> WE obtain
f=VyVyf=> (T, F.gi00)Vy(R(h;. ). 4.12)

i€ly
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Now, for any g € Hj ),
(Vo (R, ). &)y oy, = (RCAi.). Vyg) = Vyg(hi)

(et &)uy

so that ‘71# (R(hi,")) =U(o (h,»)—l)xp. Together with (4.12) this yields the assertion. ]

Moreover, the operator S, induces the reconstruction operator as stated in Theo-
rem 3 (iii).

Corollary 4.

Any function f € M, can be reconstructed as

F=2 AUt W)y o, e

i€ly

where y
ei = Vy(E), Ei(h):=S," ({gioa, R(h,)).

Proof.  Since S, has a continuous inverse, we obtain for F := Vy, f € M, ,, that
F(h) = S,'S,F(h)
= Y Fh)S,gioo. R(h,)) = Y F(h)Ei(h).

iEIg iezﬂ'
Now the correspondence principle and the continuity of \71/, on L, 1 implies
fm Vs = W( ) vuf)(hi)Ei)
i€ly
-1 v -1
= D (LUt ™)y Ve ED =D (f U0 W)y oy i [
icZ, i€, ’

4.3 Frame Bounds

In this section, we prove the norm equivalences in Theorems 2 and 3. For the verifica-
tion that the infinite sums appearing in the following lemmatas converge (unconditionally)
in M, ., respectively M), ,,, it suffices to obtain for p < oo the estimates for finite se-
quences. Then all the estimates can be extended in the usual way, see again [10, 11, 12] for
details. Only the case p = oo requires some additional effort. The necessary modifications
are left to the reader.

In the following, ‘C’ always denotes a generic constant which is independent of all
the other parameters under consideration, but whose concrete value may be different in each
particular estimate.

We start with Theorem 2, relation (4.4).

Lemma 4.
Suppose that the conditions in Theorem 2 are satisfied. For any f € M, let

(¢i)iez, == ((Tgo_lvllff’ @i © U))ieL, :
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Then there exists a constant A < oo such that the following inequality holds:
l€iez, Iy, , = ANF My -

In particular, we have that (¢;)icz, € €p,w-

Proof. 1. First of all, we show that for any sequence (1;);c7, the inequality

|z, |, <€ | D Inillus 00 (4.13)

i€l Lpw

holds, where again x; = o (h;) and where 1;4,, denotes the characteristic function of Ux;.

Since (xj);c7 is a relatively separated family, there exists a splitting Z = U:Ozl Z
such that Ux; NUx; = @ fori,j € I, and i # j. This results in a decomposition
I, = U;():l Zsr, Where

Ty =i €T, : Ux; No(X) £ D} .

Then we obtain

p p

ro
Y nillyy oo = / YN nillys @) wio ) | duih)
i€ly Lpw X r=1ieZly,
ro p
> Y / D il @) wo () | duh)
r=1y i€lyr

ro
= > f D7 il My (o () wP (o (h)) dja(h) .

r=1Yy i€l

Moreover, since w(x;) < w(u~ " w(o (h)) for o (h) € Ux; and Q C U, we can conclude
from (4.2) that

p
4
D Inillyy 00 > (max w(u_l)> Ca Y Inil” wP(x)

ueld
iel, Ly iel,

which implies (4.13) by continuity of w and since U/ is compact.
2. Let F € Ly 4. Then the application of (4.13) yields

|(F giooDiez, [, = ICIFLoio0Nicr,|

e]),w

IA

C D (IFl.gioo)lyy 00
i€l

L p,w
Further, we see for an arbitrary fixed 7 € X that

D UFL i 00) iy (@) = Y (IFl, gio0),

i€Z, i€y
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where 7, ;= {i € Z, : o(h) € Ux;}. Since (x;);c7 is arelatively separated family, we see,
by using the notation in the first part of the proof, that #7;, < ro and consequently,

Y (IFl.gioo) < (|F|, K (h,))

i€y

with
K1) = Iy @®) =) 1y (0 h) .

i€y iel;

We may assume that there exists some constant C such that u(IT(U/)) < C. For x € G, we
have by the G-invariance of p and since IT(U)x = IT(U4x) that

p(IIUx)) = p(MlU)x) = pI1U)) < C.
Now {l € X : 0(l) € Ux} C I1(Ux) so that
u{le X:o0() elx})) < u(MUx)) <C. (4.14)

Further, o (h) € Ux; and o (I) € Ux; imply that o (h) = uzul_la(l) for some uy,uy € U
and consequently, by the submultiplicativity of our weight function

w(o () = w(uau; o (1)) < wuauy") wiod) .

Since UU is compact and w is continuous, we obtain that w(o (h))/w(o (l)) < Cy, with
a constant Cy, independent of & and /. Together with (4.14) we conclude that

/ k2 40y < ey cro
w(o ()

forall 4~ € X and similarly for the integration with respect to du(h) forall I € X. Therefore
the weighted Young inequality implies that

|(F. @i 0oict, |, < CIFL KDz, < CIFL,, -

3. Finally, we conclude by the correspondence principle and by using F = T(p_1 Vyf €
M, in the above inequality that

(7 Ve teioo)cr e, = CITVarl,,,
< || vy £z,
< T 1S Naay - O

The next step is to establish (4.5).

Lemma 5.

Suppose that the conditions in Theorem 2 are satisfied. Then there exists a constant
B < 00 such that for any sequence (¢;)icz, € £pw, 1 < p < 00, the following inequality
holds:

YoaUleh | =B |@ies |, , -

i€ly My
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Proof. 1. First we prove that

>R < B|Eics],,,

i€ly Ly

To this end, we want to use the weighted Riesz—Thorin Interpolation Theorem as outlined
in the appendix. That is, we show that

T (ciel, — ZCiR(hi, 2)
i€ly

is a bounded operator from £1 4, to L, and from £ 4 t0 Lo . Then the Riesz—Thorin
Theorem implies that 7 is also a bounded operator from £, , to L, ,, forall 1 < p < oo.
For p = 1, we obtain by (3.1) that

> ciR(hi. ) ;s‘/§:wnmmhmwm6m»dum>
i€ely Liw x i€y
< M|/ﬁRm“hmem»dum>
icl,
< }:|cnc¢umo<ha>==c¢|Mq)szulw-
icl, ’
For p = oo it follows that
D iR, ) = sup| Y ciR(u, h)wio (h))
ieZ, heX icZ,
e Loow
w(o (h))
i h; R(h;, h
SIETHWW(D?{EH( [
= leier I, sup S IR G b wio (h)) (4.15)
x5 w(o (hi))

Let Q be some compact neighborhood of the identity which satisfies (4.2) and (4.3). Since
(xi)iez 1s arelatively separated family there exists a finite splitting 7, = U:0=1 Zsr so that
Ox; N Qx; =@ fori, j € I, and i # j. Hence, we obtain

woh) < w(o (h))
Rhl,h Rhl7h
> IR( n((h» ST Ry )| —— = TR

i€ly r=1ie€Zl,,

For all [ € X with the property that o (I) € Qo (h;), we have that o (h;)~! € o(1)~"'Q and
hence,
w(o (h))

Rz, ] s = Uty Ut~y

w(o (h))
w(o (hi))
w(o (h))
(¢=lo®)

IA

sup ’(U(a(h)*l)w, U(o)'q) H’
qeQ
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Let Bi :={l € X : o(l) € Qo (h;)}. Then the above inequality implies

U(o ()Y, U(o @)™ _wO®) s 1Ry, ) L)
Bf;gfé!( CORIAYCI0 ")‘”H’w(q—la(n) ud 2 1Rk, | 00

w(By).

Now we have that the sets B; and B; are disjoint for i, j € Z,, and i # j. Consequently,
we obtain by (4.3) and (4.2)

- = . w(o (h))
o = [ aliwtom vt v g
- _ (o (h))
> U(o()y ™)y, U(o)™ e YY)
le%;g/:gg‘( ((T )I/f (G q)I/I)H‘w(q_la(l)) 1%
w(a(h))
R(hi, h ;
> ;l (hi, | ST W)
w(o (h))
> Co Y IR(hi h)| ———
= w(o (hi))
and hence,
w(o(h) _ w(o(h)  roCo
R(hi, h < , R(hi, h < . 4.16
XIj| his bl 0 C i§| i W Oy = g - 41O
Together with (4.15) this yields
C
Yokt =@ |, e
ieIﬁ Loo.w , Q

2. Now it is easy to check that } ;.7 c;R(hi, h) € M, . Since Vy, Vy is the identity on
L and \71/, Vy on H{ . we obtain

ot
ZC,'R(hi,h) = V,/,\Z/, ZCin(U(U(hi)il)w)(h)
i€l, i€Z,
=V (Z ciU(U(h,-)_l)W) (h) .
i€l,
Thus,
YoaUlehd™y| =] R,
i€Z, My i€l, Ly
and we are done. L]

Next let us turn to the estimates (4.9) in Theorem 3.
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Lemma 6.
Suppose that the conditions in Theorem 3 are satisfied. For i € Iy, let ¥, =
U(o (hi)_l)l//. Then, for f € Mp y, there exists a constant B’ < oo such that

[ viday e )ien e, = B1F Iy -
Proof.  Let F := Vy f. By the correspondence principle the assertion is equivalent to
| (Fhiier, |, < BIFIIL,., - (4.17)

We prove (4.17) for p = 1 and p = oo and apply again the weighted Riesz—Thorin
Interpolation Theorem to obtain the inequality for all 1 < p < oo.
For p = 1, we conclude as follows

Y IFM) w(oh)) = Y IF, R(hi, ) w(o k)

iel, iely
< Z/|F(l)||R(h,~,l>|w(a(h,-»du(l)
ieIUX
hi
= f|F(z>|w<a(l>>Z|R(h,,l>| o) 4,y
= w(o (D))
w(o (h))
F R is
< | ||L.uls3§§| (i, DI 20

Using (4.7) we obtain as in (4.16) that )
quently,

|R(h;, )| 22D < 1oCo/Cg and conse-

icls w(o (1))

S E G (o () < 25 Q ALY

iely
For p = oo, we get
sup |F(hi)lw(o(hi)) = sup[(F, R(h;,))|w(o(h;))
iely iely
< Sup/ [FDIIR(hi, Dlw(o (hi)) dud)
iel,
w(o (h;))
< SuplF(l)Iw(U(l)) SHP/IR(hi,l)I—ZdM(l)
le iely w(o (1))
X
= CyllFllLa,
where we have used (4.8) for the last estimate. This finishes the proof. L]

Lemma 7.

Suppose that the conditions in Theorem 3 are satisfied. For i € Iy, let Vi =
U(O(hi)_l)l//. Then, for ((f, I/fi>Hl/ wal‘w)l.elg € Lp,w, there exists a constant A >0
such that ,

Mty = 55 165 V01t Dicr,|

ep.u; :
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Proof. 1. First we show that

T : (Ciet, = <Z cigi o0, R(h, ')>
iel,
is a bounded operator from £, ., to M, . Again by the Riesz—Thorin Theorem, if suffices

to show the boundedness for p = 1 and p = oo.
For p = 1, we get by (3.1), (4.8), and the weighted Young inequality

<Zci(goioa)(h>,R(h,-)> < Cy | D cigi(o()

iely Liw iely Liw

w(o (h))
=Cy /Z:|Ci|w(0(hi))§0i(0'(h))w(a—(hi))du(h)
x i€ls
w(o (h))

duh) . 4.18
wo () w(h) (4.18)

< Cy |@ier |, sup / i (o ()
il
X

By supp ¢; € Uo (hi) we consider h € X with o (h) = uo (h;). Then, by using similar

arguments as in the proof of Lemma 4, we obtain
w(o (h)) <
w(o (hi))

with a constant C independent of /; and 4. Hence, since p is an invariant measure, we can
estimate (4.18) by

(4.19)

<Z Ci @i o0, R(h7 )> = Cl’[/ ¢ || (Ci)iel" ||€l,w ’

i€ely Liw

For p = 0o, we obtain in a similar way by using the weighted Young inequality

<Z ¢i i oa, R(h, .)>

< Cy sup | Y cigilo ()| w(o(h))
icl, Loow heXier,
w(o (h)
< Cy sup leilw(o (h) sup 2_giloh) o

iely

and further by (4.19) and since {g; } is a partition of unity that

<Z cigi oo, R(h, ')> < Cy C |(ciier, ”éoow .
iely Loo.w ’

2. Next it is easy to check that

<Z cigi 0o, R(h, ->> = cilgioo, R(h, ).

iel, i€ly
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Since Sw_ 1 is a bounded operator on M, ,,, we conclude that

()ier, = Sy | Do cilgioo, R(h, ) | = ¢S, ((gi 0 0, R(R, )

iel, i€ly

is also bounded from £, , to M, .

3. Finally, we apply part 1 and 2 of the proof to the special sequence (( 1 i) H % Hl.w)

iely
= (F(hi))iel,,’ where F := Vy, f, and obtain
Do uy xS, Upioo RN < CI(L ¥ uy, i uicr, e,
icly Ly ’
and together with Corollary 4 and the correspondence principle
1 nty o = C ISV my s )ien, e, - O]

4.4 The Dual Spaces

The general coorbit space theory outlined above can also be used to derive atomic
decompositions of the dual spaces M’ ».w associated with M, .. Let us start with the
following observation.

w

Theorem 5.
Let U be a strictly square integrable representation of G mod(P, o) and  a strictly
admissible function. Then

M;,wz a1 /w for 1<p<oo, 1/p+1/g=1.

Proof.  The proof can be performed by following the lines of the proof of Theorem 4.9
in [11] and using the fact that for 1 < p < oo the space L ,(X) is a reflexive Banach
space. L]

By Theorem 5, atomic decompositions and Banach frames for M » can be obtained
by generalizing Theorem 2 and Theorem 3 to weighted spaces assomated with 1/w. For-
tunately, the whole theory carries over without any essential difficulty.

Theorem 6.

Let U be a strictly square integrable representation of G mod(P, o) in H with strictly
admissible function . Let a compact neighborhood U of the identity in G be chosen such
that (4.1) is satisfied with w replaced by 1/w. Let X = (x;);c1 be alU-dense and relatively
separated family. Furthermore, suppose that condition (3.6) is satisfied and that for some
compact neighborhood Q C U of the identity in G (4.2) holds for all i € I,. Finally, let us
assume that our analyzing function ¥ fulfills the following inequality

-1 l)) ~
Ule -, Ulo @) ! Mle C
qusgg\( (™) U@ a) Wy | = ) <
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with a constant C'Q < o0 independent of h € X. Then Mp 1, 1 < p < oo, has the
following atomic decomposition: if f € M L 1 < p < oo, then f can be represented as

f=> cU(eh) ™)y,

i€ly

where the sequence of coefficients (c;)ici, = (¢i(f))iel, € Ep 1 depends linearly on f

and satisfies

Iciet, |, L= AlflM
P P

€|

Tw

If (cidiel, € EP’L then f = ZieIg C,‘U(U(hi)_l)l// is contained in Mp 1 and

Tw

Ifllm, = B (ie, ||@ L
Theorem 7.
Impose the same assumptions as in Theorem 3 but with

U™y, U(c)™! et
3{/;25‘( (e, U(a) f])‘”)%‘w(q—lg(l))

du(l) < Co
where C 0 < o0 is a constant independent of h € X, instead of (4.7) and with w replaced
by 1/w in (4.6). Moreover, let us assume that (3.6) is satisfied. Then the set

{vi=v@u ") :ie)

is a Banach frame for M 1. This means that
’ w

@) fEM 1lfand0nlytf((f lﬂl)H/ Xle)lez Gﬁp L

(ii) there exist two constants 0 < A’ < B’ < 0o such that

ANy = Ny emier, e, < B 1f o,

W Sw ’ a W
w Pw w

(iii) there exists a bounded, linear reconstruction operator S from Z 1 to M 1 such

1
Py Prw
thatS( f, wl Hl/vwXHLw)leIU) - f

5. Application to the Sphere

In this section, we want to fill our technical considerations developed in the previous
sections with live by giving an example. Following the lines of [3], we derive a generalized
windowed Fourier transform on the spheres S"~! and check that the proposed construction
of modulation spaces and Banach frames works well for this setting. We start by establishing
a suitable group representation for the Hilbert space H = L»(S"~!). Having the usual
windowed Fourier transform generated by translations and modulations in mind, Torresani
suggested in [18] to choose the Euclidean group

G:=Emn) =S0n) xR",
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i.e., the semidirect product of the special orthogonal group SO (n) and R" with group
operation

(R.p)o(R.p)=(RR,Rp+p). (R.p'=(R" -R'p).

As a natural analogue to the Schrodinger representation of the Weyl-Heisenberg group on
L, (R™), we can define the continuous unitary representation U of G on H

U(R, p)f(s) =€ =77 f(R™'s)

where s € §"~!. Since this representation is not square integrable, we are looking for
suitable representations modulo a subgroup P of G.

In order to keep the notation simple, we restrict ourselves to the case H = Ly(S') =
Ly([—m, ]). In this setting, R € SO(2) and s € S! are given explicitly by

cosf  sinf sin y
R == . . S =
—sin6 cosf cosy

and the representation U acts as

U, p1, p)y(y) = e Prsiny+pcosyly.(, gy

To overcome the integrability problem, we use the subgroup P = {(0, 0, p2) € G} together
with the flat section o (6, p1) = (@, p1,0). Then the following lemma proved in [18]
ensures strictly square integrability of U mod (P, o).

Lemma 8.
Assume that the function W € Lo([—m, w]) is such that supp ¥ C [—n/2, w/2] and

/2

2
o [ 84y <1,

cos y
—m/2

Then the map Vy, defined by (2.2) is an isometry.
In the following, we choose the admissible function
¥ (x) = cos® x - Y[—r/2.72(X) .

In order to construct properly defined modulation spaces we have to establish the funda-
mental property (3.1) of our kernel R. Moreover, for the construction of Banach frames in
our weighted coorbit spaces M), ,,, we have to verify the related property (4.8). It has been
shown in [3] that the kernel R can be rewritten as

R(I, 1) = Fp p,(—pn) ,
where h = (0, pn,0),l = (01, p;1,0) € X,0 =6, — 6y and
Fo.p, (1) := e~ P1sin@esint=0)y, (aresin 1 — 6) (arcsing) /v/1 — 12 .

The plots of |R(h, )| = |FA‘0’ pi(=pp)| for two values of 6 in Figure 1 describe the typical
decay behavior of R.
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R(h,) for 6=2.642
= R(h) for 6=1.758

)

100

b 100 "~ 100

P, n 100 100

FIGURE |  Left: £y, ,, (—py)| for 6 = —2.642, right: | Fp, , (—pp)| for 8 = 1.758.

In analogy to the classical modulation spaces on the Euclidean plane, we consider
specific weight functions of the form w(R, p) = (1 + || p|)’, i.e., the modulation spaces
are generalized Bessel-potential spaces. Since the invariant measure du(h) of X is given
by dpy dBy,, we obtain that

w(o (h)) /'/ (1 +|Ph|)
R(h,l du(h F, daoy, .
/I ( )I o) wu(h) = |Fo.p (P h)’(l+|p > P o

Regarding that the outer integration is over a finite interval, we see that property (3.1) is
equivalent to

(1 +|ph|)
/|F0 npn)|——= a1 I)S pn < C, (5.1

with some constant C independent of p; and 6. Similarly, we conclude that property (4.8)
is equivalent to

(1 +|ph|)
/IFem( h)|(1+| e dp < C (5.2)

with some constant C independent of p, and 8. These properties are confirmed numerically
and the results are presented in the Figures 2—4 for s = 0.5. Figure 2 shows the approximated
values of fR |139,,,, (p)I(1 + |ph|)0'5/(1 + |p1|)0‘5 dpy, as functions of p; and Figure 3 the
approximated values of fR |ﬁ9,p, (pp)I(1 + |ph|)0‘5/(1 + |p1|)0‘5 dp; as functions of pj,.
Finally, in Figure 4, we have displayed max p, f |I:"9,p, (p)( + [puD%3 /(1 + | pi)® dpy,
and max,, [ |Fp p (pr)(1 + [pa)®> /(1 + |pi))*> dp; for all @ € [—7, 7]. These results
clearly show that conditions (5.1) and (5.2) are satisfied.

For the construction of Banach frames in M, ,, we choose the neighborhood U/ :=
[-7/N,n/N]x [-n/M,x/M] x [—7/M, w/M] of the identity and a {/-dense set X :=
(Xn,m)(n,myez With X,y = (On, Pm, gm). Then the assumptions concerning oscz; in Theo-
rem 2 and Theorem 3, respectively, can be verified directly by slightly modifying the steps
in [3] with respect to the additional weight function. Finally, note that property (4.2) has
already been proved in [3] for a suitable set Q.
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FIGURE2 [ 1Fp p, (pi)I(1 + 1pn))O3 /(1 + 1 pi DS dpy, left: 6 = —2.642, right: 6 = 1.758.
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FIGURE3 [ |Fg p (p)|(1+ a3 /(1 +1p D03 dpy. left: 6 = —2.642, right: 6 = 1.758.
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FIGURE 4  Maximum plot for all 6 € [—m, 7]; left: maxp, [ |£g,p, (p)I(1 + 1pa D3 /(1 + 1p)° dpy,.
right: maxp, g |Fo.p, (P (1 + 1pa))® /(1 + | pr) dpy.
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A. Appendix

In this section, we want to collect some basic facts that were needed before.

Lemma A.1.

Let D be a reflexive Banach space, E a normed space and T : D — E a linear,
injective, bounded mapping with dense image in E. Then T’ : E' — D’ defined by
T'(f)= foT, f € E'is alinear, injective, bounded mapping with dense image in D’.

Proof. The operator 7" is injective because 7'(e}) = T'(¢}) for some e}, e} € E’
means by definition of 7" that ¢} (Td) = €5(Td) for all d € D. By the density of T (D) in
E this implies that ¢} = ¢}.

The operator 7’ has a dense image in D’ by the following argument: assume that
T'(E’) isnotdense in D’. Then, by the Hahn—-Banach Theorem, there existsu € D", u # 0
such that u(F) =0 forall F € T'(E’). Since D is reflexive, there exists d € D such that

u(F)=F() forall FeD . (A1)

Consequently, we obtain for all ¢’ € E’ that /(T (d)) = u(e’ o T) = u(T’(¢’)) = 0. Thus,
T (d) = 0 which implies by injectivity of T that d = 0. But, by (A.1), this implies the
contradiction u = 0.

Finally, the continuity of 7" follows by

T’(e’)(d)’ ‘(e’ o T)(d)‘
(' = ‘— = T
17" ol e Idllp

and since |T(d)||lg < ITllp—kelld|lp foralld € D and T (D) is dense in E

|e’(x)|
T (¢ < |IT
[T () =<1 Ip~r s iz

=|Tlp>E He/HE’ . []

Next, we extend the classical Young inequality, see, e.g., [14], p. 185, Theorem 6.18,
to weighted L ,-spaces.

Theorem A.1 (Weighted Young Inequality).

Let (Z, A, n) and (Y, B, ¢) be o -finite measure spaces, let K be an AQ B-measurable
function on Z x Y, and let w be a positive weight function. Suppose that K satisfies the
following conditions

f K122 ) < ok
z w(y)

forae. yeY and

/ K12 gy < ok
Y w(y)

foraexeZ If f € Ly, 1 < p < 00, then the integral

1700 = [ K@ f0)dew)
Y
converges absolutely for a.e. x € Z, the function T f thus defined is in L, y, and

ITAlL,., = CkllfllL,, -
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For reader’s convenience, we include a complete proof here. However, let us remark
that the result can also be derived by applying the classical Young inequality as outlined in
Folland [14] to suitable weighted functions and kernels.

Proof.  Toshow that the operator T is bounded we apply the assumptions of Theorem A..1
and the Holder inequality with 1/p 4+ 1/q = 1 as follows:

IS, = / ‘

1 P
5/(f”“%)ﬂm|f()’)|w(y)d§()’)) w? (x) dn(x)

rlq
5](/|K( y)lﬂlf(y)l”w”(y)dg“(y)> (/|K(x y)|ﬁdc(y>)

x wP(x) dn(x)

<C”/"//|K(x y)|ﬁ|f(y)|”w1’(y)dc<y)w(x)f’ P/ dip(x)
w(x)

c”/qf|f<y)|l’wp(y>/|1<< y)lﬁdn(x)ds“(y)
<CRIfg, - O

p
w? (x) dn(x)

B. Appendix

In order to establish the frame bounds, we need a variant of the Riesz—Thorin inter-
polation theorem for the case of weighted L ,-spaces. For pg, p1 < 00, the desired result
is essentially a special case of the Stein—Weiss interpolation theorem, see, e.g., [2], Corol-
lary 5.5.4, for details. However, for our approach we definitely need the corresponding
result for pg = 1, p; = oo. The resulting theorem is stated and proved below. It might
be already known to the specialists, however, in this special form, it was not found in the
literature.

The proof is based on complex interpolation. Therefore we start by briefly recalling
the basic setting. For further information concerning real and complex interpolation, the
reader is, e.g., referred to [2] and [17]. Let Ap and A; be two complex Banach spaces.
Then (Ao, A1) is called an interpolation couple if there exists a linear complex Hausdorff
space such that both Ag and A; are linearly and continuously embedded in this space.
Then Ag N Ay with norm ||a||ggna, = max{||la|la,, llalla1} and A := Ag + A; with norm
lallag+a, = a:iarég_al{HaHAO, llall a1} are also complex Banach spaces. Let

={zeC: 0<Nz< 1}

be a strip in the complex plane. The collection F of all functions f(z) defined on S with
values in A with the two properties

(i) f(z) is continuous in S and analytic in S with

sup | f(2)lla < o0,
eS8
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(i) f(@it) € Apand f(1 +ir) € Ay, with ¢t € R, are continuous in the respective
Banach spaces and

Ifll 7 := max {Sltlp ILf GOl ag sup Ifa+ it)llA.} <00

is again a Banach space.

For a given interpolation couple (Ao, A1) and 6 € (0, 1), the space (Ao, A1)[g] is defined
as

(Ag, Ay :=1{a € A: thereexists f(z) € F with f(0) =a} .

Equipped with the norm

lallfey := inf{|[ fllF - f(O) =a},
(Ao, A1)[e) becomes a Banach space which has the following interpolation property:

Theorem B.1.

Let (Ag, A1) and (By, By) be two interpolation couples and let T be a linear operator
from Ag + Ay into By + By such that its restriction to A is a bounded linear operator
from Aj into Bj, withnorm < M, j = 0, 1. Then for any 0 € (0, 1), the restriction of
T to (Ag, A1) is a bounded linear operator from (Ao, A1)[e] into (Bo, B1)[e) with norm
< My MY.

Theorem B.1 is the main ingredient for the proof of Theorem B.2. For technical
reasons, we shall also need the so-called three line theorem, see [2], p. 4 for details.

Lemma B.1 (The three line theorem). B
Assume that F(z) is analytic on S and bounded and continuous on S. If
|F(it)] < Ny, |[F(1+it)] < Ny, —00 <t <00,
then we have for 6 € [0, 1] that
|F(@ +it)| < N, "NY, —00 <t <00.
Now we are ready to establish the desired interpolation result with respect to L

and Loo -

Theorem B.2.

Let T be a bounded linear operator from L , into £1 , with norm M1 and from L
into oo w With norm M. Then, for any 1 < p < 0o, the operator T is also bounded from
Ly into £, with norm Mf/pMéé,’*”/P.

Proof. According to Theorem B.1, it remains to show that

(Ll,wv Loo,w)[a] = Lp,w and (El,w, eoo,w)[@] = Ep,w , (B.1)

where 1/p = 1 — 6. We only prove the first statement in (B.1), the second one follows
analogously. We have to show that

”‘1”[9] = ”a”(Ll,wsLoo,w)[O] = “a”LP-w :
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We start with the proof of [lallg; < llall.,,. Without loss of generality we may
assume that [la||z, , = 1. For our purposes, it is convenient to define /" as follows

@ = w)PT" 9 exp (e(? - 92))|d()€)l””‘“% -

We observe that f is an analytic function on the strip S with f(6) = a. In order to compute
lalljo; we note that

II.fll7 = max {SIIJP IfGOL,,, sup f L+ it)lle,w} : (B.2)

For | f(iD)lL,,,, we obtain

IfGOllL,, = / w() w0 exp (6 — 1% — 02))|a(x>|f’“—”>% dx
' a(x
= exp(e( - 12— 92)) / la(x)|Pw(x)? dx
= exp(e(—1*— 92)||a||€p‘w =exp(e( —1* —07).
Consequently, for some suitable ¢,
sup | f(i),, =exp(—e6%) <1. (B.3)
t

The Ly y-norm of f(1 4 it) can be estimated as

IfA+iDlL., = suwpwk) | w)PT=IHD"exp (e((1 +i)? — 62))
x Ja(ypA=(+in) 4%
la(x)]
= exp(e(l — 2 — 92)) < exp(e) . (B.4)

Combining (B.3) and (B.4) we obtain by (B.2)
IfllF <exp(e) > 1 for e = 0,
and taking the infimum yields
lalior < llaliz,,, » i€ Lpw C (Liw, Loow)io] -

The next step is to show [lall, , < llalljg). Without loss of generality we may again
assume that ||a||[js) = 1. Then we have

lallz,,, = sup {[{a, b)wl : 1L, =1},
where, for 1 < p < oo, the dual pairing can be written as
(a,b)y = /a(x)b(x)w(x)p dx .

We define
F(z) = (f(2), g@)w
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for some f € F satisfying f(0) = a and g given by

8(@) = w()' TP exp (e(e* — %)) b ()| P/ 7Y |Z§B|

for some b € L;,,w with ”b”Up,w = 1. We want to estimate F(z) by means of Lemma B.1.
Since |lalljg) = 1 we can find f € F with f(0)) = a such that || f(if)ll,, < 1+ ¢ and
lf(I+it)llry, <1+ eforalle > 0. Any such function f provides us with suitable
bounds for |F(it)| and |F (1 +it)|. Indeed,

[F)| = ’ / FDgEDw(x)? dx
< / £GP0 [w(x)? dx exp (s — 12 — 67))
= [irniue dres (&(~ £ - )
< NfGDIL,, exp (s(— 1> = 6%))
< (1+e&)exp(—eb?) <exp(e) = No
and
|F(1 +it)] = ‘/g(l +it) f(1 +iH)w(x)? dx

<IfA+itlre., f |b(x) [P/ P=Dy () PAHD gy exp (e(1 — 17 — 67))
<(1+e¢) / 1b(x) [P/ P~V (x)P dx exp(e) exp (e( — 12 — 67))
<exp(2e) =: Nj .
Hence, by using Lemma B.1,
|[F(0+it)] <expRe) forall0 <6 <1.

Consequently,
l{a,b)wl = |F(0)] < exp(2e) ,

that is, ||a||vaw < 1 and therefore (L1, Loo,w)ig] C Lp,w- L]
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