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ABSTRACT.  The topic of this article is a generalization of the theory of coorbit spaces and related
frame constructions to Banach spaces of functions or distributions over domains and manifolds.
As a special case one obtains modulation spaces and Gabor frames on spheres. Group theoretical
considerations allow first to introduce generalized wavelet transforms. These are then used to
define coorbit spaces on homogeneous spaces, which consist of functions having their generalized
wavelet transform in some weighted L ;, space. We also describe natural ways of discretizing those
wavelet transforms, or equivalently to obtain atomic decompositions and Banach frames for the
corresponding coorbit spaces. Based on these facts we treat aspects of nonlinear approximation
and show how the new theory can be applied to the Gabor transform on spheres. For the S Uyve
exhibit concrete examples of admissible Gabor atoms which are very closely related to uncertainty
minimizing states.

1. Introduction

In this article, we study the problem of analyzing functions on the sphere by means of
Gabor frames. To analyze a given signal, the first step is always to decompose it into
suitable building blocks. These building blocks depend on the given situation, they may
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consist of the elements of an (orthonormal) basis, of a frame, or even of the elements of huge
dictionaries. At first sight, an orthonormal or more general a Riesz basis seems to be the
most promising choice since then the representation of the signal is unique and usually very
fast decomposition and reconstruction algorithms are available. However, in recent studies,
it has turned out that the Riesz basis setting is very often not flexible enough. Indeed, when
dealing with complicated domains or manifolds, such a suitable Riesz basis might not exist
or it might suffer from serious problems such as a lack of numerical stability. Moreover,
in other applications such as in Gabor analysis a Balian-Low theorem [15] prohibits the
existence of a good basis.

One way to overcome these difficulties is to work with a weaker concept, i.e., to work
with frames. Frames provide stable and usually redundant nonorthogonal expansions in a
Hilbert space 4. In general, a countable set of elements {e; };c7z is called a frame if there
exist constants 0 < A} < A, < oo such that

ALFIB, < YW fenl < Al F15, -

i€z

Recent studies indeed indicate that frames on domains and manifolds are much easier
to construct than a Riesz basis, see, e.g., [3,4, 17]. In this overview article, we are especially
interested in the construction of Gabor frames on a very prominent manifold, the sphere.
The approach presented here has been introduced and discussed in its full generality in [3,
4, 5]. Tt is essentially based on square integrable group representations and generalizes
the well-known coorbit space theory developed by Feichtinger and Grochenig in a series
of articles, e.g., [8, 9, 10, 11, 14]. The important Feichtinger-Grochenig theory has the
following advantages:

* The theory is universal in the following sense: Given a Hilbert space H and a
square integrable representation of a group G, the whole abstract machinery can
be applied.

» The approach provides us with natural families of smoothness spaces, the coorbit
spaces. They are defined as the collection of all elements in the Hilbert space H for
which the voice transform associated with the group representation has a certain
decay. In many cases, e.g., for the affine group and the Weyl-Heisenberg group,
these coorbit spaces coincide with classical smoothness spaces such as Besov and
modulation spaces, respectively.

* The Feichtinger-Grochenig theory does not only give rise to Hilbert frames in 7,
but also to frames in scales of the associated coorbit spaces. Moreover, not only
Hilbert spaces, but also Banach spaces can be handled. It is important to note that
the theory provides us with universal construction methods, that is all the building
blocks (e.g., the synthesis operators) are the same for the whole scale of spaces.

* The discretization process that produces the frame does not take place on the
manifold (which might look ugly and complicated), but on the Lie group at hand
(which is usually a more handy object), and is transported to the manifold by the
group representation.

So far, the Feichtinger-Grochenig theory is well-established for problems on the whole
Euclidean plane. In view of the advantages stated above, it seems to be quite natural to apply
this approach also to compact manifolds such as the spheres. However, then one is usually
faced with the following problem: In many cases, there exist group representations, but
they are not square integrable since the groups are ‘too large’ with respect to the manifold.
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Therefore it is necessary to make the group ‘smaller’ which can be performed by factoring
out a suitable subgroup. Then one has to work with coset spaces. This might cause serious
problems since usually the group structure gets lost. Nevertheless, in a small series of
articles [3, 4, 5] we have shown that a generalization of the Feichtinger-Grochenig theory
to representations of quotient spaces is indeed possible.

In this article, we present the basic steps of this construction. Special emphasis is laid
on the application to the spheres. We show that by combining our approach with the local
Fourier transform on the spheres as introduced by Torressani [18], one obtains generalized
modulation spaces on the spheres and atomic decompositions and Banach frames for these
scales of spaces. We recall the principle ideas without going into details, but nevertheless
the proofs of the central Theorems 3 and 4 that provide us with atomic decompositions and
Banach frames, respectively, are briefly sketched. We also discuss a new aspect of construct-
ing atomic decompositions and Banach frames on spheres, namely uncertainty relations.
Given a square integrable group representation, one obtains a set of self-adjoint differential
operators by taking the derivatives of the representation at the identity element. Then any
pair of these operators gives rise to ‘spherical’ Heisenberg uncertainty principles, and those
vectors that minimize the uncertainty can be interpreted as canonical analyzing atoms.

This article is organized as follows. In Section 2, we briefly review the group theoret-
ical background and introduce the generalized wavelet transform. In Section 3, we define
associated coorbit spaces and state the basic correspondence principle. The main results
are then given in Section 4. In this section we formulate conditions for the existence of
atomic decompositions and Banach frames. After having established decomposition (and
therewith approximation) principles, the next natural goal is to determine the quality of
approximation. This is the topic of Section 5. As the special focus of this article, we con-
sider in Section 6 the application of the general theory to the construction of local Gabor
frames and associated modulation spaces on spheres. As a new aspect, we state related
uncertainty principles for the local Fourier transform on the sphere S! and compute the
corresponding minimizing states in Section 6.2. Since these minimizing states do not meet
all the conditions of the proposed coorbit theory, we suggest a reasonable approximation.

2. Square Integrable Representations Modulo Subgroups

Let G be alocally compact group with left Haar measure v and let{ be a strongly continuous,
unitary representation of G on a separable Hilbert space H. We say that U is square
integrable if there exists ¢ € H\{0} such that

fG [, UQ)Y) 3 |* dv(g) < o0

For the classical integral transforms like the short time Fourier transform and the wavelet
transform related to the reduced Weyl-Heisenberg-group and the affine group, respectively,
the representations in question are in fact square-integrable. However, for integral trans-
forms related to group representations on Ly-spaces on manifolds, for example, on the
sphere, square integrability usually fails to hold. In other words, the corresponding group
is too large.

A way to overcome this fact is to factor out a suitable closed subgroup H. In this
way, we restrict the representation to a quotient X := G/H which always admits a strongly
quasi-invariant measure. Since in general the representation is not directly defined on X we
need to introduce a section o : X — G which assigns to each coset a point lying in it. In
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other words, if I[1 : G — X denotes the canonical projection then IT o o = Id. It is always
possible to choose a measurable section or even a continuous one on some dense open
subset of X. In many examples the section will be continuous. For technical reasons we
assume further that G and, hence, also X = G/H is o-compact. A unitary representation
U of G on H is called square-integrable modulo (H, o) if there exists a function ¥ € H
such that the self-adjoint operator A, : H — H weakly defined by

Ao f = /){(f,U(G(X)W)H Ul (x) Y du(x) ,

is bounded and has a bounded inverse A, !'. The function v is called admissible. If A,
is a multiple of the identity then v is called strictly admissible. In this article, we restrict
our attention to the strictly admissible setting, where A, = Id. More general operators A,
were considered in [5].

The wavelet transform Vy : H — L»(X) is defined by

Vy f(x) == (ffUlc(x)P)y, xe€X. 2.1

Note that the set S, := {U(o (x))¥ : x € X} is total in H, i.e., Sj = {0}. Based on the
wavelet transform we introduce the Hermitian kernel

Ry (x,y) = Vy U0 (DY) () = U@ ()Y, UG (YY) 3 - 2.2)

Then Vy;, gives rise to the following correspondence between H and the reproducing kernel
Hilbert space
My ={F € Lo(X) : (F,Ry(x,-)) = F(x)ae.}.

Theorem 1 (Correspondence between H and Mj). Let U be a square integrable repre-
sentation of G mod (H, o) with a strictly admissible function . Suppose that Vy, and Ry
are defined by (2.1) and (2.2), respectively. Then Vy, is a bijection of H onto the reproducing
kernel Hilbert space M.

For a proof see, e.g., [1, Theorem 7.3.1]. Furthermore, Vy, is an isometry such that
it can be inverted on its range by its adjoint VJ. For f € H, we have the reconstruction
formula f = VJ Vy f.

3. Weighted Coorbit Spaces on Homogeneous Spaces

We want to extend our consideration from L>(X) to more general weighted L ,-spaces. For
some positive, measurable weight function v on X and 1 < p < oo, let

Ly »(X) := {f measurable : fv e L,(X)}

with [I£llz,, = (fx |F®IPv@Pdu@)’’, 1 < p < oo and |fllr.,
ess sup | f(x)|v(x).
xeX

The spaces H1,, and 7"/1,10' First we need to provide a suitable large reservoir for the

objects of our coorbit spaces. To this end, let w be some weight function on X satisfying

w(x) > 1 for all x € X. Throughout this article, we impose the fundamental condition
w(x)

ess sup/ IRy (x, )| —=du(x) < 0o 3.1)
yex Jx w(y)
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By the Generalized Young Inequality in Theorem A.l, this implies that Ry (x,:) =
VyU(o (x))¥) is in Ly, and that the map F +— (F, Ry (x, -)) is continuous on L y,.
Then the linear space

Hiw:={f €eH:Vy(f) € LX)}

together with the norm || f |l %, , := IVy fllz,, becomes a Banach space which is contin-
uously embedded in H. In particular, since Ry (x, -) € L1, (X) we see that U (o (x))¥ €
H1,w. Introducing the dual space H} , of Hi, we have the continuous embeddings

Hiw CH C ’H’l‘w, where H,,, is norm dense in H and H is weak- dense in ) . In
other words, (H 1w, H, ’H’l’w) forms a Gelfand triple. Now the operator V; can be extended

to an operator on Hy , by
Vy fO) = (U@ by xhy, -

By (3.1), we see that Vy, : ’1 w > Loo,1/w(X) is a continuous operator. Then an operator

17,/, can be weakly defined on Lo 170 (X) by
(Vy F, g>H3‘wa1,w = (F,Vyg) forall g€ H,y.

It can be shown that ‘71/, is a bounded operator on L, 1/, (X) and we obtain for F €
Loo,1/w(X)

Vi Vy FO)=(Vy F, U@ DV )y gy, = (F Vy U ))Y)) = (F, Ry (x, ) . (3.2)

1,w

Weighted coorbit spaces. Now we introduce the weighted coorbit spaces. To this end,
let v be a positive measurable weight function on X. We impose the fundamental conditions

v(x) v(x)
ess sup/ [Ry (x, y)|——=du(x) <00, ess sup/ Ry (x, y)|—=du(y) <oo. 3.3)
yex JX v(y) xexX JX v(y)

By the Generalized Young Inequality in Theorem A.1, this implies that F' — (F, Ry (x, -))
is continuous on L, , (X). Additionally, we require that the weight function w is associated
tovinthe sense that {(F, Ry (x,-)) : F € Ly y} C Loo,1/w- In[5] natural weight functions
w associated to v are proposed. In particular, we canchose w = lifv > 1. For1 < p < oo,
we define the weighted coorbit spaces

Hpw :={f €H],: VyfeLpy(X)}
withnorms || fll34, , := I Vy fllL,,- Thespaces (Hpv, lI-11%,,,) are Banach spaces. Under

mild additional conditions it can be shown that H, , does not depend on the choice of .

Correspondence principle. The basic ingredient in the coorbit theory is a correspon-
dence principle between the spaces H, , and certain subspaces of functions on X, which
are defined by means of the reproducing kernel Ry. For 1 < p < oo and Ry with
property (3.3), let

Mpy={F €L, (X):(F,Ry(x,-)) = F(x) ae.}.
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Theorem 2 (Correspondence between #H , , and M, ,). Let € H be given such that
the corresponding kernel Ry, satisfies (3.3). Then, Vy f € M, ie.,

(Vy fi Ry (x,)) =Vy f(x),  feHpy.

Conversely, for every F € M, ,, 1 < p < 00, there exists a uniquely determined element
feHpysuchthat F = Vy f.

By Theorem 2 and (3.2) we see that Vy, ‘Zp is the identity on M, ,. Since we have
for f € Hp, that Vy, f € M, , it follows Vy, \Zlf Vy f = Vy f. Now Vy is injective on
H) ,, so that Vi, Vy, is the identity on H .

4. Atomic Decompositions and Banach Frames

In this section we show that judicious discretizations of the continuous wavelet transform
give rise to atomic decompositions and Banach frames of the form {{/ (o (x;))V¥ : x; € X}
for weighted coorbit spaces.

Discretizations. A major tool is that of a bounded uniform partition of unity which we
adapt to homogeneous spaces. A sequence (x;);c; C X iscalled U-denseif | J;.; o (x))U D
o (X) for some relatively compact neighborhood U of e € G with nonvoid interior and
it is called relatively separated, if SUp g #Hi el :o(x)LNo(x;)L # 0} < CL
for all compact subsets L C G. It can be proved that there exist relatively separated
and U-dense sequences (x;)ic; C X for all (o-compact) locally compact groups G, all
closed subgroups H and all relatively compact neighborhoods U C G of e € G with
nonvoid interior.

It is standard to construct a bounded partition of unity corresponding to some U-
dense and relatively separated sequence (x;);ey, i.€., a sequence of (continuous) functions
¢i,i € I,on G such that

(@ 0<¢i(g) <lforallgegG,
(b) supp ¢ Co(x)U,
(©) Y ics¢i(c(x))=1forallx € X.

We introduce the subsets X; := {x € X : 0(x) € o(x;)U}. Clearly, these sets form a
covering of X with uniformly finite overlap. In order to carry through the discretization
machinery we require for the weight function v that

v(x) .
—— < D foral x,yeX;,iel “4.1)

v(y) —

for some constant D < oo independent of i € I. In the terminology of Feichtinger and
Grobner [12] this means that v is moderate with respect to the covering {X;}ies-

For simpler notation, we introduce the numbers a; = w(X;). Let £ povallp denote
the space of sequences over I for which
1
”(Ui)iel”(p,val/p = |(nivxi)a; /p)ie,”ep(l) <00.
Clearly, if (a;);<s is bounded from above and below then Zp’val/p = Ep,val/p—l = {p , With

equivalent norms. In particular, this is the case if X; = o (x;)I[T1(U).
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Atomic decompositions. For some relatively compact set U, we introduce the kernel
oscy dependent on
oscy (x, y) = sup |{U(o()(Id —Uu™"))pUCO)HV) .
uelU

The first theorem is a decomposition theorem which says that discretizing the representation
by means of a U-dense set indeed produces an atomic decomposition of H  ,.

Theorem 3. Let G be a locally compact group with closed subgroup H and let v be a
weight function on X = G/H. Further, let U be a square integrable representation of G
mod (H, o) with strictly admissible function . Assume that the kernel Ry fulfills (3.3)
and (3.1) with a weight w(x) > 1 associated to v. Let a relatively compact neighborhood
U of the identity in G be chosen such that

v(x)

/och(y x) G )dM(x) <y and /OSCU(y x)——duy) <v, 4.2)
X v(y) X v(y)

where y < 1. Let (x;j)ic; be a U-dense, relatively separated family and assume that v
satisfies (4.1). Then Hpy, 1 < p < 00, has the following atomic decomposition: If
feHpw 1 < p <00, then fcan be represented as

f=> o)y, (4.3)
iel
where the sequence of coefficients (ci)ic; = (¢ci(f))ier € Ep’val/pfl depends linearly on f
and satisfies

eidietlle, ip1 = Allf 1, - (4.4)
If (ci)ier € £, yai/r-1, then f =Y ;. cill(o(x;))¥ is contained in H, , and
1 £, < Bllicrlle, s - @.5)

Banach frames. Given such an atomic decomposition, the problem arises under which
conditions a function f is completely determined by its moments, given by (f,
U(o (x; ))w)H/ XM ,and how f can be reconstructed from these moments. This question

is answered by the following theorem which shows that {y; := U (o (x;))¢ : i € I} indeed
gives rise to a Banach frame.

Theorem 4. Impose the same assumptions as in Theorem 3 with

v(y) v(y)

where y < 1, instead of (4.2).
Then the set

/och(x y)Ld (x )<i and /och(x y)Ld (y) < i, 4.6)
X Cy X Cy

Wi =Ulo)y i el}

is a Banach frame for H, . This means that

i fe Hp,v if and only if ({ f, 1/’i>Hﬁ,wx”H|,w)i€1 € Zp’vgl/ﬂ;

(ii) there exist two constants 0 < A’ < B’ < 0o such that
/
A ”f”';’-lpL = H( (f, ¥i) 1w><Hl,w)i€I ||Epva|/

(iii)  there exists a bounded, linear reconstruction operator S from £, ,,1/p t0 Hp

such that S(((f, ¥i) lew)tel) f

< B' I flln,, :

P
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Approximation operators. Let us briefly explain the basic concept of the proofs of The-
orems 3 and 4. The main ingredient is that the operator which maps F' € M, , onto
the function (F, Ry (x, -)) is the identity on M, ,. The idea now is to approximate this
operator which is given by an integral by a sum. As in [4, 5] we use the following two
approximation operators

TyF(x) = Y (F,¢i00)Ry(xi,x)
iel
= 3 [ FORe o) drIRy i)
ier VX
SpF(x) = Y F(x){¢ioo, Ry(x,")
iel
= 3 [ FanoNR (i duy)
ier X
We have to prove that these operators are invertible under certain conditions, see Theorem 5
below. Then the correspondence principle (Theorem 2) combined with the operators Ty,
and S, yields an atomic decomposition and a Banach frame, respectively.
We shall only briefly explain how the operator T can be used to obtain the atomic
decomposition (4.3). For a detailed discussion on the operator Sy we again refer to [4, 5].
Assume f € Hp ysothatVy f € L, ,. If the operator Ty is boundedly invertible, we obtain

Vg f(x) = TyT, ' Vy f(x) = D (T, Vy f. i 0 0)Ry (xi. x) . (4.7)

iel

Since Ry (x;,x) = Vy(U(o(x;)¥))(x) and Vw Vy is the identity on H, ,, Equation
(4.7) yields

f=v (Z q-(f)vw(o(x,-))w)
iel

with ¢; (f) := (Tqb_1 Vy f,¢ioa). As \7,/, is continuous on #H , ,, we obtain

f=) aNUG@ENY .

iel
For the proof of the frame bounds (4.4), (4.5) we refer again to [4, 5].

Theorem 5.

(1) Suppose that there exists y < 1 such that (4.2) holds. Then ||1d — Tglm,, ,—~M,, <
y < 1. In particular, Ty is bounded with bounded inverse.

(ii) Suppose that R fulfills (3.3) and that there exists y < 1 such that (4.6) holds where Cy,
i’;ﬁe;;o&s;zgtﬁ:} Ssi) Then ||1d — Sy || Mpr—=M,, = v < L. In particular, Sy is bounded

Proof. We only sketch the proof of part (i), the second part can be proved analogously.
Using the reproducing formula on M, , and the fact that (¢; o 0);¢; is a partition of unity
on X we obtain for F € M, ,

Fo) = [ FORG D du0) = X [ FOBO@OR 0 )

iel
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It follows immediately that

F(x) = TyF(x) = Z/X F(y)¢i(o (P)[Ry (y, x) — Ry (xi, x)1du(y) -

iel

By definition of R we obtain

|F(x) = Tp F(x)| < Z/XIF(y)|¢i(0(y))|R¢(y,x)—Rw(Xi,x)IdM(y)
iel
= ZfXIF(y)I@(G(y))!((U(o(y))—U(G(xi)))llf,U(G(X))w)\du(y)-
iel

Since supp ¢; C o (x;)U we are only interested in those y € X such that o(y) € o (x;)U
which implies o (y) = o (x;)u for some u € U or equivalently o (x;) = a(y)u_l. Hence,
we have

[F(x) — Ty F(x)]

<> fx IF ()11 (7)) sup (U () —U(o(u™")p, Ule )W) diy)
iel ue
=Z/XIF(y)I¢>i(0(y))OSCU(y,x)du(y) = /XIF(y)Ioch(y,x)dM(y).

iel
By (4.2) and the generalized Young inequality, see Theorem A.1, we obtain

I|F=TyFlim,, = I1dd=Tp)Flim,, <vIFlim,, -

Hence, ||I1d — T3l pm,, ,—~M,,, < ¥ < 1 and thus T} is boundedly invertible on Mp,. L

5. Nonlinear Approximation

The established atomic decomposition can now be used to decompose, to approximate and
to analyze certain functions on H ,, ,. Then itis clearly desirable to determine the quality of
certain approximation schemes based on our atomic decomposition, i.e., the approximation
order comes into play. In this section, we are interested in the quality of the best N-term
approximation. We restrict ourselves to the case where the sequence (a;);es is bounded
from below and from above. This is the case if the measure under consideration is invariant
and not only quasi-invariant. Fortunately, for the application we have in mind this property
is indeed satisfied, see Section 6.1.

The setting can be described as follows. Let {y; = U(o(x;))¥ : i € I} denote
the set of atomic functions constructed in the previous section, i.e., we have for any f €
Hp,v that

f=> ai (5.1)

iel
and
I(cierlle,, ~ 1 flln,, - (5.2)
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We want to approximate our functions f € H, , by elements from the nonlinear manifolds
X, n € N, which consist of all functions S € H, , whose expansions with respect to our
discrete coherent states have at most n nonzero coefficients, i.e.,

%, = {Se%,,,,,: S=Y by, JC 1. carngn}.

ie
Then we are interested in the asymptotic behavior of the error

Ey(rpow = Sieﬂg If = Sln,, -

Usually, the order of approximation which can be achieved depends on the regularity of the
approximated function as measured in some associated smoothness space. For instance, for
nonlinear wavelet approximation, the order of convergence is determined by the regularity
as measured in a specific scale of Besov spaces. For nonlinear approximation based on
Gabor frames, it has been shown in [16] that the ‘right’ smoothness spaces are given by
a specific scale of modulation spaces. It turns out that the result from [16], i.e., an upper
estimate, carries over to our case without any difficulty. The basic ingredient in the proof
of the theorem is the following lemma which has been shown in [16], see also [7].

Lemma 1. Leta = (a;){2, be a decreasing sequence of positive numbers. For p, q > 0
seta:=1/p —1/q and E, 4(a) = (ZOO a.q)l/q. Then for 0 < p < g < oo we have

i=n"j

o0

1/p
_ 1
277)all,, < (Z (n“En,q(a))”;) <Cllall,

n=1

with a constant C > 0 depending only on p.
Now one can prove the following theorem, see also [16].

Theorem 6. Let {y; : i € I} be a set of atomic functions for H,, 1 < p < 00, as
constructed by Theorem 3. If 1 < p < q,a :=1/p—1/q and f € H y, then

S| =

1/p
(n“En<fmq.v)”> < Cllfln,.,

(&

for a constant C < oo.
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Proof.
Let m permutate the sequence (cj)ie; in (5.1) in a decreasing order, i.e.,
|Cn(1)v(xn(1))| > |cn(2)v(xn(2))| > .... Then we obtain

En(fn,, < H Z Cr(i)Vr ()

i=n+1 Hq,v
and by (5.2) further that
00 1/q
Ex(Pr,, = C| D leav(n)?
i=n+1

= CEpr14(caiyvixz@)) < CEpg(lca@ivzay)) -

Now we finish by applying Lemma 1 and (5.2)

[} 1 1/p
(Z_; - (n“En<f)Hq,u)”>

IA

~ 1/p
<Z - (n“ C En,q(|0n(i)|v(xﬂ(i))))p>

n=1

IA

C' ex@y @il = C'liclle, .,
C" 1, - 0

IA

6. Application to the Sphere

In this section, we want to fill our technical consideration with live by deriving a gener-
alized windowed Fourier transform on the spheres $”~! and checking that the proposed
construction of weighted modulation spaces and Banach frames works well for this setting.

6.1 Modulation Spaces and Banach Frames

We start by establishing a suitable group representation for the Hilbert space . = L (5"~ !).
Having the usual windowed Fourier transform generated by translations and modulations in
mind, Torresani suggested in [ 18] to choose the Euclidean group G := E(n) = SO (n) xR",
with group operation

(R, p)o(R.p)=(RR.Rp+p), (R.p~'=(R" -R"p).

As a natural analogue to the Schrodinger representation of the Weyl-Heisenberg group on
L, (R™), we can define the continuous unitary representation

U(R, p) f(s) = e "=F:P> £(Rs) se sl

of G on H. Since this representation is not square integrable, we are looking for suitable
representations modulo a subgroup H of G.

In order to keep the notation simple, we restrict ourselves to the case 1 = L (S!) =
L>([—m, r]). In this setting, R € SO(2) and s € St are given explicitly by

cosf sinf sin y
R = . , S = .
—sinf cosf cosy
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To overcome the integrability problem, we use the subgroup H := {(0, 0, p2) : p2 € R}
of G together with the flat section o (6, p1) := (6, p1,0). Then X := G/H carries the G-
invariant measure d it (x) = dpy d6y, where x = (0, px, 0). In this case, the representation
reads as

U O, p)) [fy) =e STy +6) . (6.1)

The following lemma ensures strictly square integrability of &/ mod (H, o).

Lemma2. Assumethatthefunctiony € Ly([—m, 7]) is suchthat supp ¥ C [—7/2, /2]
and

/2 )
271/ v, .
cos y
—/2

Then the map Vy, defined by (2.1) is an isometry.
The proof in [18] uses that
/2
Vf o) =ulem ) for) = [ P p - 00i 0 dy
/2

As a consequence of the theorem, the wavelet transform can be inverted by using the
adjoint Vw*. Of course the approach works also if

/2 )
0<cy =27 Mdy < 00. (6.2)
v cos y
—/2

Then the inverse of the wavelet transform is given by V;; //Cy-
In the following, we choose the admissible function

¥(y) =cos®y - Xl—n/2,7/21(V) -

Forx = (0x, px,0),y = (6y, py,0) € X and 0 = 0, — 6y, we see as in [3] that the kernel Ry,
can be rewritten as .
Ry (y.x) = Fy p (—py) ,

where

F p, (1) = e~ ipy sintaresint=6), caresint — ) (aresin ) /v/1 — 12

The plots of | Ry (x, y)| = |ﬁ9, p, (—px)| for two values of 6 in Figure 1 describe the typical
decay behavior of Ry;.

In analogy to the classical modulation spaces on the Euclidean plane, we consider
specific weight functions of the form v(6, p1) = (1 + |p1])*, s > 0 i.e., the modulation
spaces are generalized Bessel-potential spaces. To v we associate w = 1. In order to
construct properly defined weighted modulation spaces we have to establish the fundamental
properties (3.3) of our kernel Ry,. To this end, we use that

fm<m——du—//uﬁgmaiﬁa Dy d .

X -7 R
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R(h)) for 6=-2.642 R(h,)) for 6=1.758

8o ~dm v & a0 v o o

" -100 "-100

FIGURE 1 Left: |y, (—px)| for & = —2.642, right: |Fy_,, (—px)| for 6 = 1.758.

Regarding that the outer integration is over a finite interval it remains to check that

. 1+ pel? [i 1+ 1pel)’
F, ———dp, <C, d F, ——dp, <C (63
/| b POl dpe = €. and [ [Fo, (ol B dry < € 63
R R

with some constants C independent of 6 and p, and p,, respectively.

These properties are confirmed numerically and the results are presented in the Fig-
ures 2-4 for s = 0.5. Figure 2 shows the approximated values of fR |I:"9,py (p)I(1 +
P2/ + | py|)0'5 dpy as functions of p, and Figure 3 the approximated values of
fR |1:"9,py (p)|(1+| px |)0‘5/(1—i—|py [0-5 dpy as functions of p,. Finally, in Figure 4, we have
displayed max , [ |Fo.p, (px)(1 + | p<)°> /(1 + | py)° dp, and max,, [ |Fy p, (px)(1+
|px|)0‘5/(1 + Ipyl)o'5 dpy for all 6 € [—m, w]. These results clearly show that condi-
tions (6.3) are satisfied.
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FIGURE2  [p |Fo,p, (p)|(1+ [px )% /(1 + | py O dpx, left: 0 =2.642, right: 6 = 1.758.

For the construction of Banach frames in M, , we choose the neighborhood U :=
[-7/N,n/N] x [-n/M,n/M] x [—n/M,/M] of the identity and a U-dense set
Xn,m) n,myer With X, m = (04, Pm, gm). Then the assumptions concerning oscy in Theo-
rem 3 and Theorem 4, respectively, can be verified directly by slightly modifying the steps
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FIGURE 3 [p |Fp,p, (p)|(1+ [pp))O /(1 + [ py O dpy, Tleft: 0 = 2.642, right: 6 = 1.758.

35-

25F

FIGURE 4  Maximum plot for all 0 € [, 7] left: max,, [ |Fy p, (p)I(1+ [px O3 /(1 + [y dpy.
right: maxp, [ £, p, (p)1(1+ [px O /(1 + 1 py 3 dpy.

in [3] with respect to the additional weight function.

6.2 Time-Frequency Localized Analyzing Atmos

A general theorem which is well-known in quantum mechanics and harmonic analysis [13]
relates an uncertainty principle to any two self-adjoint operators and provides a mechanism
for deriving a minimizing function for the uncertainty relation. Before repeating this well-
known result on uncertainties, let us fix some notation. Let Aj, A be two self-adjoint
operators. Their commutator is defined by

[A1, A2] := A1A; — AZAy,

the expectation of some operator A with respect to some state ¢ € dom(A), with ||¢| =
1, by

(AL == pa, = (A9, @)

and, finally, the variance of A1 with respect to some state ¢ € dom(A1) by

(AAD = p((A1 = u(A)?) .
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Theorem 7. Given two self-adjoint operators A1 and Ay, then for all ¢ € dom(A}) N
dom(A») they obey the uncertainty relation:

1
AAIAAy = SI{[A1 A2D)] 6.4)

where |[([A1, A2])| := |{[A1, A2]e, ©)|. A state  is said to have minimal uncertainty if the
above inequality turns into an equality. This happens iff there exists an A € iR such that

(A1 —pa)e = A(A2 — jay)e - (6.5)

Suppose that we are given a unitary representation of a Lie group. The linearized
operation of the group at the identity element can be described by the infinitesimal genera-
tors of the related Lie algebra. If the group representation is unitary, then the infinitesimal
generators can transformed to be self-adjoint operators. Thus, the general uncertainty
theorem stated above provides a tool for obtaining uncertainty principles using these in-
finitesimal generators. In the case of the Weyl-Heisenberg group, the canonical functions
that minimize the corresponding uncertainty relation are Gaussian functions. The canonical
functions that minimize the uncertainty relations for the affine group in one dimension and
for the similitude group in two dimensions, were the subject of the previous studies [1, 2].

In this section, we want to compute the canonical minimizing states for the local
Fourier transform on the sphere as introduced in Section 6.1. Since we are working with
quotient manifolds, we are usually loosing the group structure, but nevertheless, in the
case of the flat section, there is a canonical substitute for the identity element, namely
(@, p1) = (0,0). Since the representation is smooth, we may compute the derivatives at
this point to obtain generalized infinitesimal generators.

Theorem 8. The infinitesimal operators Ag, A p, associated with the local Fourier trans-
form on the sphere are given by

(Aop)(¥) =i¢'(y), and (A, @)(y)=sinyp(y). (6.6)

The state ¢ which is the minimizer of the associated uncertainty is of the form
@(y) = ce' SV oy 6.7)

where t € R, o := pa,, and c has to be chosen that such ||¢| 1,1y = 1.

Proof. Taking the derivatives with respect to 6 and p; in (6.1) and evaluating them at
0 =0, p1 = 01leads to

0
£U(0(9, P, p=0.0) =" V),

%U(G(Q, P®l6,p)=0,0(y) = —isiny (y) .
These operators are not self-adjoint, but multiplication with the imaginary unit i yields
self-adjoint operators Ag = i%u and A, =i %L{ . This proves (6.6).

The commutator between these two operators is nonzero. By means of Theorem 7, we
may calculate those states that minimize the corresponding uncertainty principle. Indeed,
(6.5) provides us with the differential equation

¢'(y) = —ip(y) (Asiny — App, + ug) - (6.8)
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Now (6.8) can be solved by separation of variables which leads with A = it,# € R to

go(y) — Ce*lCOSV*(i/,L()«l»t/LPl)]/ .

However, since we need periodic functions, we necessarily have to choose 1, = 0. This
proves (6.7). ]

Unfortunately, the conditions of Lemma 2 and Theorem 8 cannot be satisfied at the
same time, i.e., the minimizing states are not admissible. Nevertheless, we may define
canonical admissible vectors ¢ supported on [—m /2, /2] which fit ¢ in the least squares
sense and fulfill the admissibility condition (6.2). To this end, let us consider the strictly
convex functional

/2 2 /2
dY) = a/ lidvels dy + / 1Y () — e()I*dy , (6.9)
—m/2 COSY —/2

and compute the minimizers.

Theorem 9. The minimizer of the functional ® (V) is given by

V) = oy)—Y ) (6.10)
V) =oply cosy +a Xl—n/2,7/21\V) - .

Proof. Setting the first variation of (6.9) to zero we obtain the necessary and sufficient
minimum condition

/”/2 YWY (h(y)
o dy

-2 cos y

/2 _ -
+/ {W») —eDh) +h) (Y () —8()}dy =0

—1/2

for all h € L,(S') which is satisfied if

YO _ oy — v, i ) = p()—Y
cos y ¢

a .
osy +a L]

Appendix
A. Appendix

The generalized Young inequality for L , is a major tool in our considerations.

Theorem A.1. Let K be some kernel on X x X. We associate to K the integral operator

K(F)(x) = /XK(x,y)F(y)dM(y)-

If K satisfies
ess SUPf IK(x,y)IMdu(y) <Cg <00, (A1)
X v(y)

xeX
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then K is a continuous operator on Lo (X). If K satisfies

ess sup/ |K (x, y)lM du(x) < Cg <00, (A2)
yeX JX v(y)

then K is a continuous operator on L1 ,(X). If K satisfies both (A.1) and (A.2) then K is
a continuous operator on L, ,(X), 1 < p < 00, and satisfies

(1]

(2]

[3]

(4]

(3]

(6]
(7]

[8]

[9]

[10]

[11]

[12]

[13]
[14]

[15]
[16]

[17]

[18]

IK(F)L,,x) < CkllFlL,,x) -
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