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Abstract

We set up a new general coorbit space theory for reproducing representations of a locally
compact second countable group G that are not necessarily irreducible nor integrable. Our
basic assumption is that the kernel associated with the voice transform belongs to a Fréchet
space T of functions on G, which generalizes the classical choice 7 = L. (G). Our basic
example is 7 = (¢ ;o) L”(G), or a weighted versions of it. By means of this choice it
is possible to treat, for instance, Paley-Wiener spaces and coorbit spaces related to Shannon
wavelets and Schrodingerlets.
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1 Introduction

One of the central problems in applied mathematics is the analysis of signals. Usually signals are
modelled by functions in suitable functions spaces (e.g., L? or Sobolev spaces) and they might be
given explicitly or implicitly as the solution of an operator equation. In most applications, the
signal is transformed via a mapping into a suitable parameter space where it is easier to extract
the information of interest. By discretization, one obtains suitable building blocks that give rise
to a discrete representation of the signal and can be used to decompose, compress and process
the signal. Over the years, many different transforms have been derived in response to particular
problems, including the wavelet and Gabor transforms. Representation theory, however, gives a
general approach to construct continuous transforms for L2-functions, and coorbit space theory
allows both to extend these transforms to more general function spaces and to provide discrete
systems. Indeed, it was shown that virtually all well-known transforms used in signal analysis
can be derived from this general setting. In this sense, coorbit space theory serves as a common
thread in the jungle of all possible signal transformations. Nevertheless, as will be explained below,
the classical coorbit space setting relies on specific assumptions that might be hard to verify in
practice. The purpose of this paper is to investigate how to weaken these basic assumptions with
the goal of extending the applicability of this framework to a much larger class of problems.

Coorbit space theory was originally introduced by H. Feichtinger and K. Grochenig in a series
of papers in 1988-89 [1, 2, 3, 4]. By means of this theory, given a square integrable representation,
it is possible to construct in an efficient and systematic way a full scale of smoothness spaces where
the smoothness of a function is measured by the decay of the so-called voice transform. For any



unitary representation m of a locally compact topological group G on a Hilbert space H and a
fixed u € H, the voice transform V' is the map assigning to v € H the corresponding transform
x — Vu(z) = (v,m(z)u) as x ranges in G. Evidently, Vv is a function on the group. Since H
is often a Hilbert space of functions, the voice transform connects two function spaces, that is, it
maps signals to functions on the group.

Coorbit space theory has been very successful in many ways and has given rise to a wealth of
results, enabling to derive a very large family of smoothness spaces as coorbit spaces, including
both classical functions spaces and new ones. In particular, the classical Besov spaces are derived
as coorbit spaces where smoothness is measured by the decay of the wavelet transform, i.e., the
voice transform associated with the affine group. Similarly, the well-established class of modulation
spaces corresponds to the family of coorbit spaces where smoothness is measured by the decay of the
Gabor transform, i.e., the voice transform associated with the Weyl-Heisenberg group (cf. [1, 2, 3,
5, 6]). As another example, let us mentions the a—modulation spaces [7] which can be interpreted
as coorbit spaces related to group representations modulo quotients [8]. Another advantage of
coorbit space theory is to provide atomic decompositions and Banach frames for the coorbit spaces,
through a procedure which generates discrete function systems by discretization of the group
representation. This is important since it provides a way to understand the properties of discrete
signal representations through the group theoretic properties of their corresponding continuous
voice transforms.

In recent years, a new generation of multiscale transforms has emerged in applied harmonic
analysis, such as the shearlet and curvelet transforms, which were introduced to overcome the
limitations of the traditional multiscale framework in multi-dimensional setting with high efficiency
[9, 10]. Recent results have shown that the continuous shearlet transform, in particular, stems
from a square integrable group representation of the so-called full shearlet group [11, 12, 13]. By
applying the coorbit space theory to this setup, it is possible to define some useful anisotropic
smoothness spaces via the decay properties of the shearlet transform and to relate these spaces
to other well-known function spaces [14, 15, 16, 17]. This has stimulated the investigation of a
larger class of group representations, primarily those arising from the restriction of the metaplectic
representation to a class of triangular subgroups of the symplectic group [18]. This class includes
many known cases of interest in signal analysis and gives rise to several new examples, such as the
Schrédingerlets that we discuss in this paper. Yet another potential extension of this framework is
the general context of the so-called mock metaplectic representations, introduced in [19]. However,
the classical coorbit space theory appears to be too restrictive to deal with this more general class
of group representations and the corresponding voice transforms and function spaces.

Let us recall that the classical coorbit space theory d la Feichtinger-Grochenig makes the fol-
lowing two assumptions:
(FG1) The kernel K = Vu, that is, the voice transform of the admissible vector itself, is an abso-
lutely integrable function on the group'.
(FG2) The representation is assumed to be irreducible.
A major part of this paper is concerned with replacing (FG1) by some weaker condition. The
fundamental concepts will be presented in Sections 2 and 3. First of all, let us mention that the
problem of removing the integrability condition has already been addressed by J. Christensen and
G. Olafsson in [20, 21]. Classically, the reservoir of test functions is obtained by taking the func-
tions whose voice transform is in L!(G), hence it is a Banach space in a natural way. In the papers
[20, 21], the reservoir is a fixed Fréchet space S densely embedded into H. The basic example is
the set of C'™ vectors for the representation. The approach that we consider in this paper is indeed
similar to [21], but features an important new datum that we call the target space 7. This is a
Fréchet space of functions on G and plays the role of L*(G) in the classical setup. In our theory,
the reservoir S is the set of functions whose voice transform is in 7. In Section 4, we provide a

LFor simplicity, in this introduction we use unweighted versions of LP(G).



new model for the target space, namely

T =()LP(G). (1)

p>1

For this choice we are able to produce concrete cases arising from triangular subgroups of Sp(2, R),
notably the case of the so-called Schridingeriets, discussed in Section 4.3. As a toy example, in
Section 4.2 we also consider the case of the band-limited functions?.

As for assumption (FG2), most of the classical coorbit space theory can be carried out also
in the reducible case. In the irreducible case, it is possible to show that the construction of the
coorbit spaces is independent of the choice of the admissible vector. Exactly this property is lost
in the reducible case, as showed by an important example in [22]. Neither in [21] nor in our setting
irreducibility is needed. In Section 3.3 we give a reasonable description of admissible vectors leading
to the same coorbit spaces. Finally, in Section 5 we present a detailed account of the extent to
which the classical L' theory can be developed without the assumption of irreducibility.

Let us briefly describe in some detail the main features of our approach. The starting ingredients
are a unitary reproducing representation m of a locally compact second countable group G on a
separable Hilbert space H and an admissible vector u € H. Next, the Fréchet spaces S and 7 come
into play, and their roles in the theory can be described by the following very basic conceptual
picture

S —* . N

lv
T —L 5 LG)

where L°(G) denotes the space of measurable functions on G. Thus, S and 7 are Fréchet spaces
that embed into H and L°(G), respectively, and should therefore be thought of as signals and
functions on the group, respectively. The space 7 is a free choice, as long as one can embed it
continuously into L(G) in such a way that some basic properties are satisfied (Assumptions 1 and
2). The space S will serve as the reservoir of test functions and it is defined as the subset of H
consisting of those vectors whose voice transform belongs to j(7). Test functions are modeled in
terms of their voice transforms and the latter ones constitute the true degree of freedom in the
construction, the target space 7.

Once the basic structures are laid out, one then follows the lines of coorbit space theory and
defines first the distributions S’ and then coorbits associated to Banach spaces of functions.

Technically speaking, our theory is determined by the data set (G, H,nw,u,7,Y), where:

G is a locally compact second countable topological group;

e H is a separable Hilbert space;

e 7 is a continuous unitary reproducing representation of G on H;
e u € H is an admissible vector;

e 7 is a Fréchet space continuously embedded via j into L°(G);

e Y is a Banach space continuously embedded in L°(G) and left invariant.

2Notice that the sinc function is in every LP with p > 1 but not in L1.



The main ancillary objects attached to them are:

e the voice transform V5 : H — L?(G);

e the reproducing kernel K = Vau;

e the reproducing kernel space M = {f € LY(GQ) | f* K = f};
e the space of test functions S = {v e H | Vav € j(T)};

e the space of distributions S&;

e the extended voice transform V, : 8" — C(G);

e the coorbit space Co(Y) ={T € &' |V.T € Y}.

These data are assumed to satisfy several assumptions that are made both for the target space 7
and for the model space Y. Assumption 1 asks that the kernel K is in 7, which substitutes the
classical integrability condition K € L!(G), and that K f € L'(G) whenever f € 7. This second
requirement has a twin version for Y, namely Assumption 5, and it is trivially satisfied in the case
T = L*(G) because K is bounded. Assumption 2 and Assumption 6 ask that the product of any
voice transform and any “good” function in 7 N M (or in Y N M) is in L(G).

Assumption 3 ensures that the extended voice transform is injective. This is a necessary con-
dition to reconstruct a distribution from its voice transform. Finally, Assumption 4 requires that
the reproducing formula extends to all distributions. In particular, we prove in Proposition 3.3
that Assumption 4 holds true if 7 is reflexive and V.S' C 7".

Our theory is succesful in the sense that: it provides a workable substitute for the classical
integrability condition K € L!(G); it contains the classical coorbit space theory even for non
irreducible representations; it applies to several interesting examples; it is consistent with the
recent theory developed in [20, 23].

2 Fréchet spaces of functions

In this section, we recall some properties of the Fréchet spaces that are relevant to the main objects
of our theory, namely the target space 7 and the space S of test signals that will be defined in the
next section. We introduce abstract spaces ' and F. The space E must be interpreted as modeling
a subspace of the Hilbert space H, hence of signals, but possibly with a different topology. Its
properties will be used primarily for the test space S, but also for H itself. Similarly, the space
F should be thought of as an abstract model of a Fréchet space of functions on the group. The
results proved for F' will be primarily applied to the target space 7, which in many examples is a
genuine Fréchet space but not a Banach space, but will also be useful for F = L1(G), F = L?(G)
and, most notably, for F' =Y, the space of functions used to define coorbit spaces. From this point
of view, our theory indicates that it is possible to develop a useful coorbit space theory assuming
that Y is a Fréchet space rather than the more common choice of a Banach space. This further
extension, however, is beyond the scope of this article, and we content ourselves with the classical
case in which Y is Banach space.



2.1 Background

We now introduce the basic notation and recall some elementary properties. Further technical
results are recalled in Section 6.1.

Throughout this paper, G, denotes a fixed locally compact second countable group with a left
Haar measure $ and A is its modular function. We write [, f(x)dz instead of [, f(x)df(z) and
denote the classical spaces of complex functions on G as follows:

L°(G)  B-measurable functions,

L?(G)  p-integrable functions with respect to 3, p € [1, +00),
L>(G) [-essentially bounded functions,

LL _(G) locally -integrable functions,

loc
C(G) continuous functions,

Co(G)  continuous functions going to zero at infinity,
C.(Q) compactly supported continuous functions.

The space L°(G) is a metrizable complete topological vector space with respect to the topology of
convergence in measure (see Section 6.1). The norm of f € LP(G) and the scalar product between
f,9 € L*(G) are denoted by | f|l, and (f, g)2, respectively. The space L{, .(G) is a Fréchet space
with respect to the topology defined by the family of semi-norms

fe /K |F(@)lde,

where C runs over the compact subsets of G (see Section 6.1).

We denote by A and p the left and right regular representations of G on L°(G), namely
Ma)f (y) = fz™"y)
p(@)f (y) = fyz)

for all z € G, all f € L°G) and almost all y € G. Both A and p leave L] (G) and each LP(G)
invariant, and X is equicontinuous both on L{ (G) and on each LP(G). In Section 6.2 we recall
the main properties of the representations acting on Fréchet spaces. For general background on
representations the reader is referred to [24].

For all f € L°(G) we denote by f the element in L°(G) given by
fl@) = f(=7")

for almost all z € G (see Section 6.1). Given two functions f, g € L°(G), we say that the convolution
f * g exists if for almost all z € G the function fA(z)g is in L'(G). We write

fxg(z /f dy—/f a.e. v €G

and we have that f* g € L°(G) (see Section 6.3).

2.2 Voice transform

In what follows, 7 denotes a fixed strongly continuous unitary representation of G acting on the
separable Hilbert space H and u a fixed vector in H. We stress that 7 is not assumed to be



irreducible, nor, at this stage, reproducing. As it is customary, the voice transform associated to
the these data is the map

ViH—L*(G)NnC(G), Vo(z) = (v, m(x)u)y.

It intertwines m and A, that is

Vr(z) = AMx)V (2)

for all x € G. The corresponding kernel is given by
K:G—C, K(z) =Vu(z) = (u, m(x)u)n. (3)

It enjoys the basic symmetry property o
K=K. (4)

For all f € LY(G) the Fourier transform w(f) is the bounded operator on H defined by

(m( wv?—t—/f x)w, v)p dx

for all w,v € H. Note that, with the choice w = u, we get

(), v = /G f(@)Volz) d. (5)

2.3 Functions on the group

In this section, we consider a space F of functions on G and we study the properties of the
convolution operator f — f * K from F into C(G). In particular, we introduce the subspace M
of those functions which are left fixed by the convolution operator. In the theory of reproducing
representations, F' is the Hilbert space L?(G); in the theory developed by H. Feichtinger and K.
Grochenig it is a weighted version of L'(G); in our setting it is the target space 7.

We assume that F is a Fréchet space with a continuous embedding j : F — L°(G). With slight
abuse of notation, given f € F', we denote by f(-) a -measurable function such that for almost
every x € G, f(z) = j(f)(z). Further, we assume that there exist

[i)]a continuous involution f + f on F such that j(f) = j(f) (so that f(z) = f(z)); a
continuous representation ¢ of G acting on F for which

Jl@)f) = Ax)i(f) feFxed,
so that (¢(x)f)(y) = f(z~'y) and £(z) f = ((z) .

Standard examples of spaces satisfying the above assumptions are the LP-spaces or their weighted
versions. Other important examples are the space of C*° functions, if G is a Lie group, or the
space of rapidly decreasing functions, whenever this notion makes sense.

The space j(F) is a subspace of L°(G), stable under complex conjugation and M-invariant.
Clearly, we could identify F with j(F) avoiding the cumbersome map j. However, we want to
stress that F' has its own topology, which is not necessarily the topology of j(F'), that is, the
relative topology as a topological subspace of L°(G). In order to clarify the role of the two
topologies, we shall not identify F with j(F).

Since j is continuous from F into L°(G), for any sequence (f,,) converging to an element f in
F, there exists a subsequence (fy, )r such that (fy, (x))r converges to f(z) for almost all z € G
(see (72) for details).



We denote by F’ the topological dual of F. For each T € F’, the map f +— T(f) defines a
continuous anti-linear function on F'; which we denote by (T, ) p. The map T — (T, -)p is a linear
isomorphism of F’ onto the anti-dual F, the space of anti-linear continuous forms on F. In what
follows, we identify F with F’. Observe that the map (T, f) — (T, f)F is a sequilinear form on
F' x F, linear in the first entry and anti-linear in the second.

The Kothe dual of F' is defined by
F# ={gec L°%G) | gj(f) € L(G), for all f € F}.

It is closed under complex conjugation and its elements can be regarded as anti-linear forms on
F, as shown by the next lemma. Here and below, we fix a countable fundamental system {g;}; of
saturated® semi-norms in F.

Lemma 2.1. Given g € F#, the map
F9f|—><9>f>F:/Gg(x)mdxeC (6)

is a continuous anti-linear form, that is, an element of F', which we denote again by g. The
representation \ leaves F# invariant and for all x € G

(A@)g, f)r =g,z ") f)F. (7)

Finally, there exist a constant C > 0 and a semi-norm qi in the fundamental saturated family
{qi}i such that for all f € F

/G F@)llg(@)] dz < Car(): (8)

. Proof. By definition, for each f € F the function g j(f) is in L'(G). We claim that the linear map
L:F—LYG), Lf=gi(f)

is continuous. Since both F and L'(G) are separable metrizable vector spaces, by the closed
graph theorem (Corollary 5 of Chapter 1.3.3 of [25]) it is enough to show that the graph of £ is
sequentially closed in F' x L'(G). Take a sequence (f,,), in F converging to f in F and such that
(Lfn)n converges to  in L*(G). Since both F and L'(G) are continuously embedded in L°(G),
possibly passing to a subsequence, we can assume that both (f,(x)), and (Lf,(x)), converge to
f(z) and p(x), respectively, for almost every x. Hence for almost all z € G

Lf () =g(@)f(x) = Tim g(z)fu(z) = lim Lfn(z)= (),

n—-+4oo n—-+o0o

that is, Lf = ¢ in L'(G). Hence L is continuous, as well as the anti-linear form
fro [ £l@is = | g@T@de = (g 1)r.
We now prove that A leaves F# invariant. Indeed, given z € G and f € F
[ P@serwis= [ e 0wl = [ o reniis= [ o) ol <.

where the last integral is finite since £(z 1) f € F. Hence A\(z)g € F#. The same string of equalities
gives (7). Finally, the last formula follows directly from the continuity of L. O

3A family is saturated if the maximum of any finite subset is in the family.



In general, F# is a proper subset of F’ as the following example clarifies. Take F' = LP(G) with
p € [1,400]. Then LP(G)# = L” (G), where p/ is the dual exponent of p, so that L?(G)# = LP(G)’
for all p < +oo0, but of course L>°(G)# = L}(G) € L>®(G)'.

The next proposition shows that, if the kernel K belongs to the Kothe dual of F', then for all
f € F the convolution j(f) * K exists. Furthermore, we introduce the subspace M¥ C F whose
elements are those reproduced by convolution with K on the right. In the following statement
C(Q) is endowed with the topology of the compact* convergence.
Proposition 2.2. Assume that K € F#. Then:

[a)ffor all f € F, j(f) * K exists everywhere, it is a continuous function and, for all x € G,

J(f)* K(z) = MN2)K, f)r = (K, (a1 f)r; (9)
the map f+— j(f) = K is continuous from F to C(G); the set
ME={feF|jf)*K=j(f)} (10)

is an {-invariant closed subspace of F', and therefore it is a Fréchet space respect to the
relative topology.

. Proof. Notice that, in view of (4), K € F # if and only if K € F#. Since \ leaves F# invariant
(Lemma 2.1), for all z € G we have A\(z)K € F# and, for all f € F,

@)K, Frp = /G FA@)K (y) dy = /G F) Ky 2) dy = §(f) * K ().

Hence j(f) * K(x) exists and the first equality of (9) holds true. The change of variables y — xy
proves the second equality of (9). Since the involution and z +— ¢(z~1!) f are continuous, (9) implies
that j(f) * K is a continuous function.

To prove b), fix a compact subset K C G. By (9), since K € F# C F’, there exist two
semi-norms ¢;, ¢x in the fundamental saturated system {g¢;}; and constants C' and C’ such that

suplj(f) * K (z)| < C sup q;(U(z)f) < Caqp(f),
ze rek—1

where the last inequality follows from the fact that /(X 1) is equicontinuous since K~! is compact
(see Section 6.2).

As for c), since F is a metrizable vector space, it is sufficient to prove that M* is sequentially
closed. Take a sequence (f,,), in M¥ converging to f € F. Possibly passing to a subsequence,
we can assume that there exists a negligible set N such that for all ¢ N (f.(z)), converges
to f(z). Furthermore, possibly changing N, we can also assume that, for all n € N and « ¢ N,
J(fn) * K () = fn(z). Hence, given x ¢ N, by b) we have

5 * K (2) = lim j(f) * K () = lim fu(2) = f(2)

Hence j(f) * K = j(f) in L°(G), that is f € M¥. Finally, given € G and f € M¥, by (77b) in
the appendix

J(x)f) = Mx)i(f) = M) (G(f) = K) = Ma)i(f) = K = j(l(z)[f) * K,
that is £(z)f € MF¥. O

In what follows, for each f € M, we choose the continuous everywhere defined function
j(f) % K as representative of f, so that for all z € G

J(f) * K (x) = f (). (11)

4Short for: uniform convergence on compact sets.




2.4 Extension of the voice transform and Fourier transform

We are interested in extending the voice transform V from H to some bigger space, namely the
dual of a Fréchet space E which is continuously embedded into H, in such a way that the duality
relation (5) still holds true. In the classical coorbit space theory and in our setting, E is the space
of test functions S, which in [21] is the basic object on which the theory is developed.

We fix a Fréchet space E together with a continuous representation 7 of G acting on E and a
continuous embedding ¢ : E — H intertwining 7 and 7. As above, we identify the dual E’ and the
anti-dual E”. We are interested in the transpose % : H — E’, defined as usual by

(i(w),v)p = (w,i(v))2.

We assume that u € i(E) and, with slight abuse of notation, we regard u as an element both in £
and in H. Hence, we define the extended voice transform by

Ve : E — C(G)a Vel = <T77(')U>Ea (12)

which intertwines the contragredient representation = with the left regular representation .

Hereafter we establish some useful properties of the abstract space E, that will be applied to
the space S of test functions in Section 3.1.

A basic requirement on V. is that it must be injective. In the next lemma some standard
equivalent conditions are established.

Lemma 2.3. The following facts are equivalent:
[i)] the map V, is injective; the set T(G)u is total in E; the set 7(G)u is total in® Eyeak-

. Proof. Define D as the closure in E of the linear span of 7(G)u . Since the linear span of 7(G)u is
convex, D is convex (Proposition 14 Chapter I1.2.6 of [25]). Then D is a closed convex subset, and
so it is also weakly closed (Proposition 1 Chapter IV.1.1 of [25]). Therefore D is also the closure
in Eyeqr of the linear span of 7(G)u. This proves the equivalence between 2) and 3).

Next, assume 2), that is D = E. If T € E’ is such that V,T = 0, then (T,v)g = 0 for
all v € D = E, hence T = 0. Therefore 2) implies 1). Finally, suppose D C E. Then, as a
consequence of the Hahn-Banach theorem ([26], Proposition 2, p.180), there exist 7" € E’ and
vg € E\ D such that (T,v)p = 0 for all v € D and (T,vo)g # 0, so that V.7 = 0 but T # 0.
Therefore 1) implies 2). O

By definition, u is a cyclic vector for the representation 7 if condition 2) holds true. Notice
that the cyclicity for m does not imply the cyclicity for 7, since the topology of F is finer than the
topology of H.

The topological dual of E comes now into play and will be denoted by E’. When topological
properties are involved, E’ is understood to have the topology of the convergence on the bounded
subsets of E. We will write E’ to stress when E’ is rather thought with the topology of the simple
convergence (compare Section 6.4).

The following proposition shows that, for any function f € L°(G) satisfying a suitable inte-
grability condition, it is possible to define an element in E’ which plays the role of the Fourier
transform of f at w. It is useful to compare our assumption (13) with condition (R3) in [21].

5Evidently, Eyeqr is just E endowed with the weak topology.



Proposition 2.4. Take f € L°(G) and assume that
fVi(v) € LY(G) forallv e E. (13)

Then there exists a unique 7(f)u € E' such that, for allv € E,

(), 0) e = /G F(@) (@, i (0)) g der = /G f (@) Vi) (@) da. (14)

For any such f, we have
Ver(flu= f* K. (15)

Finally, assume that K x K exists, is equal to K and that f * (|K| = |K|) exists. Then

Ver(flux K = Ver(f)u. (16)

Proof. Define the map ¥ : G — E. by ®(z) = f(z)%(m(z)u). Since for all v € F

(W(z),v)p = f(@){m(2)u,i(v))n = f(2)Vi(v)(2),

by (13) we know that the map W is scalarly S-integrable. Since E is a Fréchet space, then it satisfies
the (GDF) property. Then Theorem 6.4 applies, showing that the scalar integral [ W(z)dz exists
and belongs to E’ (see Section 6.4). We set 7(f)u = [ ¥(z)dz and, by definition of scalar integral,
(14) holds true for all v € E. Also, for all z € G,

Veﬂ(f)U(JU)Z/Gf(y)@f(y)u,i(T(w)U))H dy:/Gf(y)<7T(y)u,7T($)U>H dy = (f * K)(x).

Finally, under the ongoing assumptions, (77d) in the appendix implies that (f * K)x K = f* (K *
K) = f* K, so that (16) is a direct consequence of (15). O

If (13) is satisfied, we say that the Fourier transform of f at w exists in E’ or, simply, that
m(f)u € E’ exists. Condition (13) is actually both necessary and sufficient to define 7(f)u as an
element of E’. The next lemma ensures that the voice transform is reproduced by convolution.

Lemma 2.5. Assume that the extended voice transform is injective and take T € E'. The following
assertions are equivalent:

[a)] VT x K exists and satisfies the reproducing formula
V.T K = V,T; (17)

for all z € G, the map y — (T, 7(y)u) g {7 (y)u, 7 (x)u)s is in L' (G) and

/G (T, (1)) (), m (@) redy = (T, (@) .

If the Fourier transform of V.T at u exists in E’, i.e. the map x — V.T(x)%(w(x)u) is scalarly
integrable, then a) and b) are also equivalent to each of the following assertions:
[a)] T(V.T)u =T; the reconstruction formula

T:/G<T,T(x)u>Eti(7r(ac)u)dx. (18)

holds true weakly.

10



3. Proof. The equivalence between 1) and 2) is just the definition of V, and K. Taking into account
that V. is injective, the equivalence between 1) and 3) follows from (15) with f = V.T. The
equivalence between 3) and 4) is just the definition of scalar integral. O

In the next proposition we assume that the Fourier transform 7(f)u exists in E’ for all f € F,
where F' is a Fréchet space satisfying the assumptions of Section 2.3. With slight abuse of notation,
we write m(f)u instead of 7(j(f))u. We define the coorbit space

Co(E',F)={T € E' | V.T € j(F)}.

Proposition 2.6. Take E < H, F 2, LY(G) and K(z) = (u, w(x)u)y as above. Assume that for
all f e F and allv e FE
J(HVi(v) € LY(G), (19)

which may be rephrased as V(i(E)) C F#. Then:

[a)]the Fourier transform of any f € F at u exists in E’, so does the convolution j(f) * K,
and

Ver(f)u = j(f) * K; (20)

the space MY, defined by (10), is an {-invariant closed subspace of F, Co(E', F) is a ‘r-
invariant subspace of E', and V. intertwines 'r with \; the map (f,v) — (7(f)u,v)g is
continuous from F x E into C; if V. is injective and the reproducing formula (17) holds for
all T € Co(E', F), then

V. Co(E', F) = j(M™), (21a)
{n(f)u| f € M} = Co(E', F), (21b)
Ver(flu=3(f), femr, (21c)
a(V.T)u =T, T € Co(E', F). (21d)

Hence, V, is a bijection of Co(E’, F) onto j(M¥) and therefore it induces a bijection, denoted
again by V., from Co(E', F) onto MY, whose inverse is the Fourier transform at wu.

2. Proof. Ttem a) is a direct consequence of Proposition 2.4. Item b) is due to Proposition 2.2. The
invariance property of Co(E’, F) is a consequence of the fact that V, 'r(z) = A(x)V, for all x € G.

As for ¢), since F' and E are Fréchet spaces it is enough to show that (f,v) — (7 (f)u,v)p
is separately continuous. Clearly, given f € F, the map v — (n(f)u,v)g is continuous since
7(f)u € E’. On the other hand, given v in E, the hypothesis (19) states that Vi(v) € F7#.
Lemma 2.1 shows that Vi(v) € F’ where the identification is given by (6), namely

Vi), f)r = /G Vi(w)(@) (@) de = /G F (@) (@), i(0)) die = (),
so that f +— (7(f)u,v)g is continuous.

Finally, we prove d). The definition of M* and (20) imply (21c). Given T € Co(E'; F), by
definition V.T' € j(F') and, hence, the convolution V.T * K exists. Furthermore, by assumption
V.T « K = V,T. Hence, condition 1) of Lemma 2.5 is satisfied and this implies that #(V.T)u =T,
which is (21d). To prove (21a) and (21b), observe that the reproducing formula implies that
V. Co(E'; F) C j(MF) and equality (21d) that Co(E’,F) C {n(f)u | f € M¥}. Furthermore,
since M¥ C F, implies {r(f)u| f € M} C Co(E’, F) and, hence, j(M¥) c V., Co(E', F). O
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The above result is an adaptation of Theorem 2.3 of [21]. Conditions (R3) and (R4) in [21] are
replaced by (19) and the reproducing property (17), respectively.

Under all the assumptions of Proposition 2.6, in particular the conditions of item d), the space
Co(E', F) has a natural topology that makes it a Fréchet space.

Corollary 2.7. The space Co(E', F) is a Fréchet space with respect to any of the following equiv-
alent topologies:

[a)]the topology induced by the family of semi-norms {q;(Ve(-))}i, where {¢;}; is any funda-
mental family of semi-norms of F; the initial topology induced from the topology of F' by the
restriction of the voice Ve; the final topology induced from the topology of F, restricted to
MPF | by the Fourier transform at u.

. Proof. By Proposition 2.6, V, is a bijection from Co(E’, F) onto M¥ whose inverse is the Fourier
transform at u, the initial and final topologies on Co(E’, F') coincide and they realize Co(E’, F') as
a Fréchet space (isomorphic to M¥"). The equivalence between a) and b) is a standard result (see
remark before Example 4 Ch. 2.11 of [26]). The equivalence between b) and c) follows from the
fact that V, is a bijection. Since M is a closed subspace of a Fréchet space, then both M* and
Co(E', F) are (isomorphic) Fréchet spaces. O

2.5 Reproducing representations: the standard setup

In this section, we further assume that 7 is a reproducing representation and that the vector w is
an admissible vector for 7. This means that the voice transform V maps H into L?(G) and that
for all v € H

[vll# = [Vol2. (22)

To stress that the voice transform is an isometry of H into L?(G), we write it with the suffix 2:
Vo i H — L*(G), Vov(x) = (v, m(x)u)n.
Recalling that K = Vu and (4), we have
K=K e L*(G). (23)

In the following proposition, some consequences of the assumption that 7 is reproducing are drawn.
The results are well known for irreducible representations [27, 28] and their extensions to non-
irreducible representations are taken for granted in many papers. We provide a proof based on
Proposition 2.6.

Proposition 2.8. Suppose that w is a reproducing representation of G on H and that uw € H is
an admissible vector. Then:

[a)]for every f € L?(G), the Fourier transform of f at u exists in H and for all v € H
(w(f)u, v} = (f, Vav)2;
for every f € L2(G) the convolution f * K exists and
Vo (flu = f* K, (24)
where both sides belong to Co(G) and, for every v € H,

Vou x K = Vau; (25)

12



in particular, K = K x K. the space
M ={fel*G)|f+K = f}

is a A-invariant closed subspace of L*(G) and

VoM = M?; (26)
Vor(flu=f,  forall f € M (27)
w(Vov)u = v, for allv e H. (28)

Hence, the voice transform Vs is a unitary map from H onto M? whose inverse is given by
the map f +— w(f)u.

8. Proof. We first prove (25). By (76c) with p = ¢ = 2, the convolution Vv x K exists and is in
Co(G) because K € L?(G) by (23). Furthermore, given = € G, for all y € G

Vau(y) (@) K (y) = Vau(y) M) K (y) = Vau(y) (Varr(2)u) (y).
Integrating with respect to y, we obtain
Vou s K = (Vou, Vam(x)u)e = (v, m(x)u)y = Vav.

To prove the remaining statements, we apply Proposition 2.6 with F' = L?(G) and E = E' = H,
with the understanding that ¢ and j are the canonical inclusions, A = ¢, 7 = 7 and V = V5. Observe
that (19) is satisfied since Vo H C L?(G) = L%(G)* and, by (25), the reproducing formula (17)
holds for every v € H, regarded as anti-linear form on H. Furthermore, by (76¢) in the appendix
with p = ¢ = 2, for all f € L?(G) the function f * K is in Cy(G), taking (23) into account. O

3 Main results

In this section, we assume that the representation 7 is reproducing and that the vector v € H is
admissible, as in Section 2.5. We will construct a coorbit space theory based on the choice of a
suitable target space 7 embedded in L°(G).

3.1 The space of test functions and distributions

We choose a Fréchet space 7 with

[i)]a continuous embedding j : 7 — L°(G); a continuous representation £ of G acting on T
such that j¢(z) = A(z)j for all € G; a continuous involution f +— f such that j(f) = j(f),

so that 7 enjoys all the properties of the space F in Section 2, from which we adopt the notations.
In particular, as in (10), we put

MT ={feT|j(f)«K =3}

The classical theory corresponds to the choice 7 = L!(G), or a weighted version of it. The following
assumptions are at the root of our construction and are trivially satisfied for L!(G).

Assumption 1. The kernel K is in j(7) and j(f)K € L*(G) forall f € T, i.e K € j(T)NT*#.
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Assumption 2. For all f € M7 and all v € H we have j(f)Vov € LY(G), i.e VoH C (MT)#.

Assumption 3. The linear space spanned by the orbit {/(z)K | x € G} is dense in M7 .

By Proposition 2.2, Assumption 1 implies that for all f € 7 the convolution j(f) *x K exists
and M7 is a closed /-invariant subspace of 7, so that span{¢(z)K | 2 € G} is a subspace of M7 .
Assumption 3 is formulated with a slight abuse of notation, regarding K as an element of 7. It is
a strengthening of Assumption 1 because it is equivalent to the requirement that K is actually a
cyclic vector for the representation ¢ restricted to M7 .

Assumptions 1 and 2 should be compared with hypotheses (R2) and (R3) of [21]. In our
approach they are needed to define the test space, as in the classical setting, whereas in [21] the
test space is given a-priori. We are now in a position to define the space of test signals, namely

S={veH|Vevej(T)} (29)

We define the restricted voice transform Vi : S — 7T as the unique map satisfying jV, = Vai, that
is, for all v € S and = € G we put

(Vov)(z) = (i(v), m(x)u)n

where ¢ : § — H is the canonical inclusion. It is by means of Vj that we topologize S: we endow
S with the initial topology induced by Vj. As it will be shown in Theorem 3.1 below, this is
just an explicit description of the topology that S naturally inherits as coorbit space, because
S = Co(H,T). Observe that Assumption 1 implies that u € S, since K € j(7).

Theorem 3.1. The space S is a Fréchet space isomorphic to M7 wia Va, and j(M7T) C L*(G).
The canonical embedding i : S — H is continuous and has dense range. The transpose % : Hs — S,
is continuous, injective and has dense range. The representation w leaves S invariant, its restriction
T to S s a continuous representation of G acting on S and u is a cyclic vector of T.

. Proof. We first prove that S is a Fréchet space. Let E = H and F = 7. By the properties i), ii)
and iii) stated at the beginning of this section, we are in the general setting of Section 2.4. Observe
that H' = H, V., = V5 and clearly S = Co(H, 7). Furthermore, the fact that 7 is reproducing
implies that V3 is injective and, by (25) in Proposition 2.8, the reproducing formula holds true for
all v € H. Hence Vov € j(MT7) for all v € S, and we actually get S = Co(H, M7). We can apply
Corollary 2.7 because the hypotheses of Proposition 2.6 that imply it are both satisfied: (19) is
just Assumption 2 and, as already noticed, the reproducing property holds for all v € S because 7

is reproducing. Hence § is a Fréchet space and Vj induces a topological linear isomorphism from
S onto M7 . Since VoH C L?(G), clearly j(M7T) C L*(G).

Since S and M7 are isomorphic, in order to show that 7 is continuous it is enough to prove
that j is continuous from M7 into L?(G). Both are Fréchet spaces, hence it is sufficient to show
that j : M7 — L?(G) has sequentially closed graph. If (f,), is a sequence in M7 converging to
fin M7 and (j(fn))n converges to ¢ in L?(G), then possibly passing to a subsequence, we can
assume that (f,(z)), converges for almost all x € G. Hence ¢(z) = f(z) almost everywhere.

Item b) of Proposition 2.6 gives that 7 leaves S invariant. Since for allz € G and v € S
Vot (x)v = £(z) Vo,

the restriction 7 is a continuous representation on S because £ is a continuous representation on 7 .
The fact that 7 is reproducing implies that span{w(z)u | z € G} C S is dense in H, so that i has
dense range.
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Finally, since Vo7 (x)u = ¢(x)K for all z € G, Assumption 3 is another way of saying that u is
a cyclic vector for 7. As for the properties of %, Corollary 3 Chapter 11.6.3 of [25] shows that i is
continuous from Syeqr iNt0 Hyear. Hence, Corollary of Proposition 5 Chapter 11.6.4 of [25] gives
that % is continuous from Hg = Hyear into S, and (%) = 4. Finally, Corollary 2 Chapter I1.6.4 of
[25] shows that since i is injective and has dense range, % has the same properties. O

As shown in the above proof, all the hypotheses of Corollary 2.7 are satisfied. This implies that,
whenever a fundamental family {g¢; }; of semi-norms of 7 is given, then {¢;(Vo(-))}; is a fundamental
family of semi-norms of S. This is yet another way to get a direct handle on its topology when a
family of seminorms of 7 is known.

We regard the dual 8" of S as the space of distributions and we define the extended voice
transform on it by setting for all T' € S’

V.:S' —C(G), V. =(T,7(-)u)s. (30)

The definition works because S is 7-invariant, © € S and 7 is a continuous representation. The
following theorem states the main properties of V5 and V.. We recall that the contragredient
representations r and % are continuous representations acting on S’ and 77, respectively, where the
dual spaces are endowed with the topology of the convergence on compact subsets (see Proposition 3
Chapter VIII.2.3 of [29]). Furthermore, since 7 is a reproducing representation, Proposition 2.8
ensures that for all f € L?(G) the Fourier transform of f at u exists in H.

Theorem 3.2. The restricted voice transform Vy is an injective strict morphism® from S into T
with image MT . For all f € M7, we have

m(flues,  Vor(flu=f

and, for allv € S, we have
m(Vov)u = v.

t

Furthermore, Vo intertwines 7 and € and its transpose *Vo : T] — 8! is a surjective continuous

map, intertwining the representations % and 'r.

The extended voice transform V. intertwines 't with A, is injective and continuous from S’ to

C(G), where both spaces are endowed with the topology of compact convergence. Finally, for all
O cT# CT', we have
V."Vo® =®x K. (31)

Proof. By Theorem 3.1, V{ induces a topological linear isomorphism from S onto M7, which is a
closed subspace of 7. Corollary 1, Chapter 11.4.2 of [25] gives that 'V} is surjective. By Corollary of
Proposition 5, Chapter 11.6.4 of [25], the map 'V} is continuous when both 7/ and S’ are equipped
with the topology of the simple convergence.

Since  is reproducing and j(f) € L?(G) for all f € M7, Proposition 2.8 shows that Vo (j(f))u =
j(f) € §(T). Hence, by definition of S, w(j(f))u € S and the construction of V; gives that
Vo (f)u = f, where, with slight abuse of notation, 7(f)u is the Fourier transform of j(f) at u.
Take now v € S. Since Vov € M7, again Proposition 2.8 yields w(Vov)u = v.

The intertwining property is straightforward: for any z,y € G

(Ve'r(@)T) (y) = (T, 7(a™ )7 (y)u)s = VeI (27 'y).

6 A strict morphism is a continuous linear map whose image is closed.
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Injectivity is due to the fact that u is cyclic for 7. To prove that V. is continuous, fix a compact
subset @ of G. Since x — 7(x)u is continuous, the set A = 7(Q)u is compact in S, and T +—
sup, 4 |(T, v)s]| is continuous on &'. Finally, take ® € 7#. Then for all z € G

V. "o (x) = (@, Vor(2)u)r = /G B(y) (@), (@) rdy = (B % Vou) (2). O

We add a remark on the finer topological properties of V.. If B is a bounded subset of S’ or,
equivalently, of S, the restriction of V, to B, endowed with the topology of S, into C(G), with
the topology of the compact convergence, is continuous. Indeed, since S is a Fréchet space, then
it is barrelled (Corollary of Proposition 2 Chapter 111.4.2 of [25]). Hence

strongly bounded < weakly bounded < equicontinuous.

(Scolium and Definition 2 Chapter III1.4.2 of [25]). Proposition 5 Chapter I11.3.4 of [25] implies
that on B the topology of the simple convergence is equivalent to the topology of precompact
subsets. Hence, for any compact subset K of G, since z +— 7(z)u is continuous, the set A = 7(K)u
is compact in S, hence precompact and, by the above reasoning B 3 T + sup,c4|(T,v)s]| is
continuous with respect to the topology of the simple convergence.

The next assumption requires that the reproducing formula holds for any distribution in S’.

Assumption 4. For all T € §', KV.T € L'(G) and V.T x K = V.T.

Since the representation ' leaves S’ invariant and V, intertwines r with ), the requirement
KV.T € L'YG) implies that V.T % K exists. Furthermore, if V.S’ is contained in 7%, then
KV.T € L'(G) holds for all T € 8’ since K € 7.

In the two propositions that follow, we give sufficient conditions implying Assumption 4.

Proposition 3.3. Assume that M7 is a reflezive space and K V.T € L*(G) for all T € S'. Then
the reproducing formula V.T * K = V,T holds true for all T € S'.

Proof. Since S and M7 are isomorphic (Theorem 3.1), then also S is a reflexive space. Regard S
as the dual of &', which has the property (GDF) by Proposition 3 Chapter 6. Appendix No.2 of
[30]. The assumption implies that the map z — 7(x)u(r(y)u, u)p is scalarly integrable from G to
S, hence Theorem 6.4 shows that there exists v, € S such that

(T, vy)s = /G<T,T(x)u>5<7r(x)u, u)pde.
By Theorem 3.1, H is dense in S, and by (25) v, = u, which means that
(Tou)s = [ (T r@s(ela)u s,
Given y € G, by applying the above equality to r(y~1)T, we get
VeT (y) = (T, 7(y)u)s = ("r(y~ )T, u)s
= /<tT(y_1)T,T(CU)’LL>3<7T(.’L‘)U,'LL>'H dx

= /(T,T(ym)u>5<7r(:n)u,u>H dx

— [T r@stu e i da,
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where the last line is due to the change of variable  — 3y~ 'z and the fact that 7 is a unitary

representation. Hence the convolution VT * K exists and is equal to V. T. O

The property K V.T € L*(Q) for all T € S’ means that the map = — 7(z)u(r(y)u,u)s is
scalarly integrable from G to S, i.e., there exists a linear map w : 8’ — C such that

W(T):/G<T7T(.T)U>S<7T($)U7U>Hdl'.

Furthermore, since H is continuously embedded in &’ and 7 is a reproducing representation, for
all w € ‘H we have
w(i(w)) = (w, uhp.

By Theorem 3.1, the map % has a dense image in S.. However, w is continuous with respect to
the weak-+ topology of &’ if and only if w € S. In the setting of reproducing representations, the
requirement that the reproducing formula holds for all distributions is equivalent to assuming that
w € § and, in this case, w is precisely u. The hypothesis w € S is precisely property (R4) in [21].
Furthermore, if S is a Banach space, as in the classical setting, and if the map = — 7(z)u(r(y)u, u)x
is Bochner-integrable, then it is scalarly integrable and, clearly, w is always in S.

Here is another sufficient condition.

Proposition 3.4. Assume that T# =T’ and suppose that |K|*|K| ezists and belongs to T. Then
V.« K=V,T forallT € S'.

Proof. By Theorem 3.1, 'V} is surjective, so that if 7/ = 77, then for any T € S’ there exists
® € T# such that *Vy® = T. Furthermore, if |K| % | K| exists and belongs to 7, then

/G XG|<I>(zx)<7r(I)U,7T(y)u>H<7T(y)U,U>H|dxdy: /G |®(z2)| ( /G IK(ZJ)HK(?J‘lx)dy) dx
_ /G|)\(z_1)<1>($)|(|K\ « |K|)(x) de

and, since [A\(z71)®| € T#, the last integral is finite for all z € G. By (77a) and (23), we have that
|K|*|K| = |K|*|K|, hence Fubini theorem implies that the convolution |®|* (| K| * |K|) exists,
and (77d) in the appendix shows

(PxK)« K =0 (K *K).
Finally, (31) and (25) give

VIs«K=@+K)«K=0x(K+K)=®xK=V,T. O

3.2 Coorbit spaces

We now fix a Banach space Y, with norm |||y, continuously embedded in L°(G) and M-invariant.
In order to be consistent with the current literature, we do not indicate the explicit embedding
as we did for the other spaces. The results in this section hold true under the weaker assumption
that Y is a Fréchet space. However, we do not need this generality because the main example that
we are interested in is the case when Y is a weighted L? space for a fixed value of p.

The coorbit space of Y is
Co(Y)={T €S |V.TeY} (32)
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endowed with the norm

1T]lcoyy = [IVeTlly (33)

Since V, is a linear injective map, [|-[|co(y) is clearly a norm. We will prove below that Co(Y') is
in fact a Banach space.

Just as for the target space 7, the two basic assumptions for the space Y may be formulated
in terms of Ko6the duals and have to do with the kernel K (compare Assumption 5 below with
Assumption 1) and with the image of the voice transform VoH (compare Assumption 6 below
with Assumption 2). They should also be compared with the corresponding assumptions made in
[20, 23, 21]. As above, we write

MY —{feY|f+K =/}
Assumption 5. For all f € Y, we have fK € L'(G), that is, K € Y.
Assumption 6. For all f € MY and all v € S, we have fVyv € L1(Q), i.e., VoS C (MY)#.

By Proposition 2.2 applied to F =Y, Assumption 5 implies that MY is a M-invariant closed
subspace of Y. Furthermore, by Proposition 2.4 with £ = &, Assumption 6 implies that for all
f € MY the Fourier transform of f at u exists in S'.

In the following proposition we list the main properties of Co(Y).

Proposition 3.5. The space Co(Y) is a Banach space invariant under the action of the represen-

tation 'r. The estended voice transform is an isometry from Co(Y) onto MY and its inverse is

the Fourier transform at w. Therefore
V. Co(Y) = MY,
{r(flu| fe M} =Co(Y),
Ver(flu=f,  feM,
7(VeT)u =T, T € Co(Y).

Proof. The proposition is a restatement of Proposition 2.6 and Corollary 2.7 with £ = S and
F = MT. The hypothesis (19) is Assumption 6 and the hypothesis in item d) of Proposition 2.6
is satisfied by Assumption 3 and Assumption 4. O

As in the classical setting, we have the following canonical identification.

Corollary 3.6. The Hilbert space L?(G) satisfies Assumptions 5 and 6, and Co(L*(G)) = H.

Proof. Since 7 is a reproducing representation, Assumptions 5, and 6 are clearly satisfied, and
H C Co(L?(G)). Take now T € Co(L?(G)). By Proposition 3.5 T = 7(V.T)u. However, since
VoT € L?(G), by Proposition 2.8 (V. T)u € H. O

Even though 7 is not a Banach space, the space
Co(T)={T eS8 |V.TeT}

is well defined and, under Assumption 4, Corollary 3.6 and the definition of & imply that, as in
the classical setting, Co(7) = S. The above identification suggests to characterize the space

Co(T={TeS|VTeT#}cS.
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The equality Co(7”) = &' is equivalent to require that j(f)V.T € L'(G) for all f € T and T € &',
that is, V.S’ C T, which is in general stronger than Assumption 4.

Let us compare our approach with the theory developed by J. Christensen and G. Olafsson in
[20, 23, 21]. Assumptions 1+6 ensure that the test space S defined by (29) satisfies the properties
(R1)+(R4), and some of our claims can be directly deduced by the results contained in [21] (for
example, compare Theorem 2.3 of [21] with our Proposition 3.5). In our setting, which is somehow
parallel to the classical L' case, we first introduce the target space 7, which is independent of the
reproducing representation, and then we define the test space S as the set of vectors for which
the voice transform belongs to 7. The introduction of the target space 7 makes our construction
closer to the classical approach by H. Feichtinger and K. Gréchenig, and Assumptions 1, 2, 3 and
4 involve only the target space 7 without any reference to the model space Y. Moreover, our
proofs mainly rely on the theory of weak integrals a la Dunford-Pettis, which allows us to state
our hypotheses as integrability conditions, rather than a continuity requirement as in [21].

Assumption 4 requires that the reproducing formula V,T * K = V,T holds for all T' € S’. How-
ever, in the proof of Proposition 3.5, the reproducing formula is needed only for the distributions
in Co(Y") (compare with item d) of Proposition 2.6). The following lemma shows some equivalent
conditions, weaker than Assumption 4, under which Proposition 3.5 remains true.

Lemma 3.7. Take T and Y such that Assumptions 1,2,3 and Assumptions 5,6 hold true. Then
the following facts are equivalent:

[a)] for all T € Co(Y), V.T € MY ; for all T € Co(Y), V.T x K exists and V.T x K = V,T;
for all T € Co(Y), the map x — (T, 7(x)u)s(m(z)u,u)yy = V. T(2)K () is in L' (G) and

/G<T,T(x)u>3<7r(m)u,u>ﬁdx = (T,u)s; (34)

for all T € Co(Y), the map x +— V.T (z)'i(n(z)u) € S, is scalarly integrable and its scalar
integral is T, that is

T= /G<T, 7(2)u)s i(7(z)u) dz. (35)

. Proof. By definition of coorbit space, V.T € Y whenever T' € Co(Y). Hence 1) is equivalent to

2). Since Co(Y) is ‘r-invariant, 3) implies that the map y — (7(z™1)T, 7(y)u)s(m(y)u, u)y is

integrable for all x € G and
VT (2) = (T r(@hu)s = [ (e )T, m(wu)s(rl)us whndy

— [ (@ stwwu, n@u dy
Hence c¢) implies item 2) of Lemma 2.5. The converse is also true by evaluation at the identity.

Therefore ¢) is equivalent to item 2) of Lemma 2.5, which provides the equivalence between 2) and
3) and shows that 4) implies 3).

Assume now that V,T € MY . Proposition 2.4 with f = VT gives that V. T satisfies (13), that
m(VoT)u € 8" exists and Vom(V.T)u = V.T. Finally, since V, is injective by Theorem 3.2, we know
from item 4) of Lemma 2.5 that 1) implies 4). O

3.3 Dependency on the admissible vector

We now examine the dependence of space S on the choice of the admisible vector u. For this
reason, in this section, we write S, instead of S, and accordingly for other choices of admissible
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vectors.

Proposition 3.8. Suppose that j(T) % 5(T) C j(T) and that for all g € T the map
fr=f*g (36)

is continuous from T into itself, where j(f x §) = j(f) *j(g). If 4 € S, C H is another admissible
vector satisfying Assumptions 1, 2 and 3, then the test function spaces Sz and S, coincide as
Fréchet spaces. Furthermore, S, = S, for any admissible u and

Vav = Vv * m
forallve S;=38,.

Proof. Let v € S, and x € G. Since 7 is reproducing and v is admissible,
Vaqv () = (v, m(2) )

- / (v, 7(y)u) o (@)t 7 () e dy

= [ ry T dy
— Va0 # Voot (),

where V5 v, Vo, 0t € §(7) since v, 4 € S,,. The hypothsis on 7 implies that V5 zv € j(7), so that
Sy C Si. We now prove that the embedding of S,, into Sy is continuous. Fix a semi-norm ||-|; s,
of Sz, i.e, fix a semi-norm ||-||;,7 of T such that ||v];.s, = ||Va,av|s,7 for all v € S;. By (36) with
f ="Vav and g = Vyu, there exist a constant C' > 0 and a semi-norm ||-||; 7 of 7 such that

[vllisa = Va,avllir < ClVavlljr = Cllvll;s,

where |-||;.s, is a semi-norm of S,,. Hence, the embedding is continuous. Interchanging the roles of
u and 4, we obtain that Sz C S, with a continuous embedding. Finally by (77a) in the appendix
and (23), for all v € S,

Vov=Vovs K=Kx*xVoveT

by assumption, so that S, C S, and, hence, S, = S,,. O

In the classical framework, 7 is irreducible and 7 = L'(G, w), where w is a continuous density
satisfying (60a) and (60b) in the appendix and

w(z) = wx HA™?). (37)

This last condition implies that 7 = 7 so that the hypotheses of the above proposition are satisfied.
However, a stronger result holds true, namely

(ueH|K,eT} =S8,

which is the content of Lemma 4.2 in [1]. Note that the irreducibility ensures that, if K,, € T,
then u is an admissible vector. However, if 7 is not irreducible, the above equality does not hold
as shown by a counter-example in [22].

4 A model for the target space

In this section, we illustrate some examples. They include band-limited functions (Section 4.2),
Shannon wavelets (Section 4.3) and Schrddingerlets (Section 4.4) that have inspired our theory.
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4.1 Intersection of all L2 (G) with 1 < p < 400

In this section, w : G — (0, +00) will denote a continuous function, to be called weight, satisfying

w(zy) < w(z)w(y) (38a)
w(z) = w(z™) (38b)

for all z,y € G. As a consequence, it also holds that

;ggw(az) > 1. (38¢)
The notion of weight in [4] is based on the submultiplicative property (38a). The symmetry (38b)
can always be satisfied by replacing w with w + w. This requirement is necessary for our devel-
opment (see item g) of Theorem 4.4 below). Condition (38c) is explicitly stated in [4] and, in
the classical L'(G) setting, it is necessary to ensure that the test space is a Banach space (see
Theorem 5.5 below). In the usual irreducible L! setting, it is also assumed that the weight satis-
fies (37), which is actually incompatible with (38b). However, (37) is only necessary in order to
see that the space of admissible vectors coincides with the test space (see Lemma 4.2 in [1]). In
the non irreducible case, though, this set-theoretic equality is lost anyhow, as mentioned in the
introduction [22].

For all p € [1,00) define the separable Banach space

L (G) ={f € L°(G) | /G\w(ﬂv)f(ﬂﬁ)lf"dm < +oo}

with norm

12 = /G () f(z)Pde,

and the obvious modifications for p = co. Clearly, the map J, : LP (G) — LP(G) defined by
Jp(f) = wf is a unitary operator. The following characterization of the Kéthe dual holds true.

Lemma 4.1. Fiz p € [1,+00) and denote by ¢ = ;55 € (1,+00] the dual exponent. Then

LB (@) = L8 (@),

For allg e L? _\(G) and f € Lt /(G), set

(9, f)p,wZ/Gg(x)de.

Then the map g — (g,")pw s an isomorphism from LI _(G) onto L%, (G)'. Under this identifica-
tion, the transpose 'J, : LY(G) — L _,(G) is given by

tT,h = wh.

Proof. For g € L°(G) we have g € L2 (G)* if and only if gf € L1(G) for every f € L2 (G), which
is equivalent to (w™lg)(wf) € L'(G) for every wf € LP(G). This, in turn, happens if and only if
w'g € LY(G), which means that g € L? _,(G). Hence LI ,(G) = L (G)# C LE(G)', the pairing
(-, )p.w is the pairing between L? (G)# and L2 (G) given in Lemma 2.1, and

lgllze@y = sup g, Flpwl= sup [w™g,wf)p| = [wglly = llgllgu--
Il <1 s llp<1

/

Thus the map g — (g,)p,w is an isometry from L _, (G) into L (G)’ and it allows to identify

L? _,(G) with a closed subspace of L% (G)".
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We now compute the transpose of J,, taking into account that LP(G) = L(G). For a fixed
h € LYG) and all f € L? (G) we have

(b D)oo = [ ol Fw)da,
so that, since w is positive, ‘J,h = wh € L2 (G)# = L% _,(G). Since J, is unitary, so is “J, and
L (GY = L1, (@), 0

Lemma 4.2. For all p € [1,+00), the left reqular representation leaves LY (G) invariant. The
restriction £ of A to LP (G) is a continuous representation with ||¢(x)| < w(x) for all x € G.

Proof. Fix x € G. By (38a), for all f € L (G)

w 2 M) |Pdy = w(x P w(x)P w P
/G () £ (= )P dy /G hw(ay) £ () Pdy < wiz) /G () £ ()P dy,

so that A(z) leaves L2 (G) invariant and the norm of the restriction ¢(z) is bounded by w(z). We
now prove that ¢ is continuous by applying the concluding remark of Section 6.2 in the appendix.
For any compact subset K of G, since w is continuous, w(K) is bounded and, hence, ¢(K) is
equicontinuous. Furthermore, if f € C.(G), the map x — ¢(x)f is clearly continuous from G into
L% (@) by the dominated convergence theorem. The proof is completed by observing that C.(G)
is a dense subset of L? (G). O

Let I = (1,+00). We define the target space as the set
pel
with the initial topology, which makes each inclusion i, : 7,, — L% (G) continuous, and endow
Uy, = span | J LT _,(G)
qel

with the final topology, which makes each inclusion 7, : L? _, (G) — U, continuous.

Recall that by definition of initial and of final topology, for any topological space X, a map
A: X — T, is continuous if for all p € I there exists a continuous map A, : X — L? (G) such
that i,A = A,, and a map B : U,, — X is continuous if all ¢ € I there exists a continuous map
By : L!_,(G) — X such that Bi, = B,.

As for notation, given the nature of 7y, the inclusion j : 7, — L°(G) is set-theoretically
tautological because the elements of 7,, are (equivalence classes of ) measurable functions. However,
we keep it to emphasize that the two spaces, 7,, and L°(G), have different topologies.

The following theorem states the main properties of 7., and U,,.

Theorem 4.3. The space T, is a reflexive Fréchet space, whose topology is given by the funda-
mental family of semi-norms {||-||p.w}tper- It is closed under complex conjugation and f — f is
continuous. The canonical inclusion j : T, — L°(G) is continuous, the left reqular representation
A leaves T, invariant and the restriction £ of X to T, is a continuous representation of G on Ty,.

The space Uy, is a complete reflexive locally convex topological vector space. For each g € Uy,
the anti-linear map from 7T, into C given by

fe /Gg(z)mdw = (g, )z,
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is continuous and g +— (g,-)T, identifies, as topological vector spaces, the dual of T, with U,.
Furthermore the Kéthe dual of Ty, is Uy, so that

T, =TF =U,,. (39)

For each f € T, the anti-linear map from U, to C

gH/f (@) dz = (f, g

is continuous and f — (f,)u, identifies, as topological vector spaces, the dual of Uy, with T,,.

w

Proof. The proof is based on the content of the article [31], whose main results are summarized
by Theorem 6.5 in the appendix, where 7 = 77 and U = U, (in [31] it is assumed that w = 1).

By definition of initial topology, 7., is a locally convex topological space and {||-||p,w }per is a
fundamental family of semi-norms.

Clearly, 7,, is closed under complex conjugation and is left invariant by A. We show that £ is
a continuos representation. Given x € G, {(x) : 7, — 7T, is continuous because i,f(z) = A(z)i)
Given f € T, the map x — ¥{(z)f is continuous from G to T, since such are the maps = —
ipl(x)f = €(x)i,f for all p € I. The proof that complex conjugation is continuous is similar.

Define the linear map J : 7, — 7, Jf = wf. Since w > 0, J is a bijection whose inverse is
given by J g = w~lg. Both maps are continuous by definition of initial topology since

. o . . -1 _ 7—1:
ipd = Jpip ip " = i,

for all p. Hence J is a topological isomorphism. By Theorem 6.5, we infer that 7 is a reflexive
Fréchet space and, hence, 7, is a reflexive Fréchet space, too.

Define J : U — U, Jh = wh, which is clearly bijective and whose inverse is J~'¢g = w™'g. By
definition of final topology, both are continuos since for all ¢ € T

Jig =1« T =1 I

(with slight abuse, here i, denotes the inclusion of L9(G) into U). Hence .J is an isomorphism from
U onto U,,. Therefore, by Theorem 6.5, U, is a complete barelled locally convex topological vector
space since such is U.

Since J is an isomorphism between two Fréchet spaces, by Corollary 5 of Chapter IV.4.2 of [25],
tJ is an isomorphism from U onto 7, explicitly given by

(tTh, f)z. = ch / T@)de - /G (Jh) (@) F@)de

where h =Y ¢;h; with ¢1,...,¢, € Cand hy € L (G), ..., hy, € L™ (G). Hence, we can identify
7. and U,, as topological vector spaces by means of the map JJ 71, and the pairing between U,
and 7, is

(9, f)., Z/Gg(x)f(x)dx. 0

Observe that (38c) implies w(z)~! < w(z) for all x € G, so that T, C Uy, = 7. Furthermore,
(38b) ensures that f € 7, if and only if wf € 7.
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We are now ready to state the main result of this section.

Theorem 4.4. Take a reproducing representation m of G acting on the Hilbert space H and a
weight w satisfying (38a), (38b) and (38c). Choose an admissible vector u € H such that

K(-) = (u,m7(-)uyn € LE(Q) for allpe I (40)
and set
Sw={veH| (v,r(-)u)yy € LY (Q) for allp € I},
lols. = ( [ ot uteyas)
Then:

[a)]the space Sy, is a reflexive Fréchet space with respect to the topology induced by the family
of semi-norms {||v|lp.s, tper, the canonical inclusion i : S, — H is continuous and with
dense range; the representation 7 leaves S, invariant, its restriction T is a continuous rep-
resentation acting on S,,, and

i(r(z)v) = 7(x)i(v) x € G,veESy;

if H and S!, are endowed with the weak topology, the transpose % : H — 8! is continuous,
injective, with dense range and satisfies the intertwining

tr(2) i(v) = Yi(n(x)v) x e G, veH,;
the restricted voice transform Vy : Sy — Ty, given by
Vou(z) = (i(v), m(x)u)y € G, veESy,
is an injective strict morphism onto the closed subspace
MPe={f €Ty | j(f) + K = §(H)},
and it intertwines T and £; every f € T, has at u a Fourier transform in S,, and
Vo (f)u) = 5(f) * K;

furthermore, the map
Tw 2 fr(flu €Sy

is continuous and its restriction to M7 is the inverse of Vo; every ® € Uy, has at u a
Fourier transform in S), and
Ver(®)u = & * K;

the extended voice transform given by (30) takes values in U, it is injective, continuous

(when both spaces are endowed with the strong topology) and intertwines *r and \; the range
of Vo is the closed subspace

MU = {® €Uy, | @+ K = ®} =span | J M@ c L, (G) (41)

pel
and for allT € S}, and v € S,
(T,v)s, = (VeT',Vov),,5 (42)

the map
MU 5 & 1(P)uc S,

is the inverse of V. and coincides with the restriction of the map *Vy to MY+, namely
Vo('Vo®) = Vor(@u=3 &€ MYw, (43)
i(Sy) ={T € 8}, | V.T € T,} = {n(f)u| f € MT}.
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The fundamental requirement (40) states that K € 7,, C T, = T = U, whereas (42) is
the reconstruction formula for the distributions in S/, namely the fact that for any T € S/, the
formula

(T,v)s,, = /(}(T,T(m)u)sw (m(x)u,i(v))y da (44)

holds for all v € S,,, where the integral converges since (m(-)u,i(v))y is in 7y, by definition of S,,,
and (T, 7(-)u)s,, is in U, = T, since the range of V, is contained in U,, (for arbitrary target spaces
this last property could fail).

. Proof. Since K € j(T,,) C U, = T, Assumption 1 is satisfied. Furthermore, since j(7,,) C
L2 (G) C L*(G) by (38c), also Assumption 2 is satisfied. The topology induced by the family of
semi-norms {||v|p,s, }per is the initial topology on S,, induced by the map V;, as in the proof of

Corollary 2.7.

[2)]By Theorem 3.1 which does not depend on Assumption 3, the space S,, is a Fréchet space
isomorphic to M7= and the canonical inclusion i : S,, — H is continuous and with dense
range. Furthermore, since M7 is a closed subspace of a reflexive Fréchet space, both M7w
and S,, are reflexive. Apply Theorem 3.1. Apply Theorem 3.1 for the main statement; the
intertwining property is easily checked. Apply Theorem 3.2. Fix f € 7,,. By (38¢) j(f) €
L?(G) and by Proposition 2.8 there exists 7(f)u € H such that Vorr(f)u = j(f)*xK. We claim
that j(f) and K are convolvable (see the appendix for the definition) and j(f) * K € j(7w).
It is enough to show that for all r € I, |wf| * [wK| € L"(G). Indeed, given z € G

/|f Ky 1x|dy—/|w Wl wly~ ) Ky 2)
< [wj(f)] * wE](z),

by (38a). Definep = g = 1+r > 1, so that 1 +7 = 7+1. Then by assumption wj(f) € LP(G),
wK € LYG) and wK = wK € LY(G). Hence (76b) applies, showing that |wj(f)| and |wK]|
are convolvable, |wj(f)| * JwK| € L"(G) and |||wj(f)| * |wK]|||, < Cllwf|p, where C is a
constant depending on g and K. Hence j(f) * K € L! (G) and

1) * Kllrw < Cll7(F)llpw- (45)

Therefore j(f)*x K € j(7,). By definition of Sy, 7(f)u € Sy, and j(Vor(f)u) = j(f)* K. The
map f — m(f)u is continuous by (45). By Theorem 3.2, the map M%7» > f s 7(f)u € S,
is the inverse of V. Fix ® € U,,. By linearity we can assume that ® is in some pr,l (G), so
that ®j(f) is in L(G) for all f € 7,,. In particular for all v € S,, we have ®j(Vov) € LY(G)
because Vyv € T, and by Proposition 2.4 there exists 7(®)u € S,. Furthermore, recalling
that *Vj is a linear map from 7, onto S.,, for all v € S,, we have

(Vo®,v)s, = (B, Vo), = /

G

@(x)(i(v),w(x)u}dez/ O (z)(m(x)u,i(v))ydr.

G

Comparing this equation with the definition of 7(®)u we get ‘Vo® = 7(P)u and, by (31),
Ver(®)u = & x K. Fix T € S/, Since 'V} is surjective, there exists ® € U, = 7., such that
T = "Vo® = 7(®)u, so that V.T = & x K. To show that V.T € U,, we prove that ® and K
are convolvable whenever ® € U,,, their convolution ¢ x K is in U, and the map & — & x K
is continuous from U,, into U,,. By definition of U,,, it is enough to show that, given p € I,
for all ® € LP _,(G), ® and K are convolvable, ® + K € qup,l(G) and the map ® — ® % K is
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continuous from L? _, (G) into Lijp_l (G). As above,
w(z)™? /G 1B()| K ()| dy = w(z) ! /G B(y) K (y~)] dy

= [l et 4y
G w(x)

< / o™ ()@ () w(y~ ) K (y~1) | dy
G
= |w_1<I>| * | wK|(x),

where in the third line we used both (38a) and (38b). By assumption w=!'® € LP(G),

wK € LI(G) where we set ¢ = 25—31 > 1, and wK = wK € L9(G). Since %—l—% = 271p +1,

(76b) gives that |w~1®| and |wK| are convolvable, |[w™1®| * [wK| € L?’(G) and
™ @] % |wK]]|2p < Cllw™" @],
where C is a constant depending on p and K. Hence ® x K € Lijp_l (G) and
195 Kll2p,w-1 < ClIP[lp, -

This proves the claim. Note that, since & — ® * K is continuous, M%> is closed. We
observe en passant that U,, is not a Fréchet space, so that Proposition 2.2 does not apply.
We now prove that V.7 = V.T x K. Since |K| € T, reasoning as in the proof of item 5),
|K| % |K| € T,,. Furthermore, if g = |K| * |K|, so that § = g, then as above ® and g are
convolvable and (77d) gives that

VI«+K=(P+K)«xK=0x(K+«K)=d+xK =V_.T,

so that the range of V, is contained in M%«. From 6) we know that 7(®)u € S/, whenever
® € MY and that V.7(®)u = ® x K = ®, showing that V, is onto MY+ and that the map

MU 5@ 1(P)u € S

is the inverse of V;, as claimed in item 8). Next, we prove (42). Fix v € S, and define the
map ¥:G — S, by

U(z) = (m(x)u,i(v))yn7(x)u = Vov(z)T(x)u.

For all T € S/, V.T € Uy, and Vyv € T,,, so that x — (T, ¥(z))s, is in L1 (G). Since S,, is a
reflexive Fréchet space, we can regard S, as the dual of S/, which has the property (GDF)
by Proposition 3 Chapter 6. Appendix No.2 of [30]. The fact that the map x +— (T, ¥(z))s,,
is in L'(G), means that ¥ is scalarly integrable. Theorem 6.4 shows that its (scalar) integral

is in S, i.e. that there exists ¥ € S, such that
(T, )s, = / (T, 7m(z)u)s, (7m(x)u, v)yde.
G

With the choice T = %i(z), z € H, (25) gives that (z,i(¢))y = (z,i(v))n. Since this
last equality holds true for all z € H and ¢ is injective, then ¢ = v and this proves (42).
Furthermore, the reproducing formula (42) implies that V, is injective. Finally, we prove that
V. is continuous. Fix a bounded subset B in 7. By e) the map f +— «(f)u is continuous
from 7, into S,,. Then B’ = m(B)u is a bounded subset of S,,. Furthermore, given T' € S,

sup|(V.T, f)1,| = Supl/ (T, 7(z)u)s, f(z)dz| = sup (T, 7 (f)u)s, | = sup (T, v)s, |-
feB feB Ja feB vEB’
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Since B’ is a bounded subset of S, the map T+ sup,c 5/ |(T,v)s,| is continuous, hence V,
is such. The rightmost equality (41) is a consequence of the definition of U,, and the inclusion
follows from the fact that V.8 C L, (G). Indeed, for all z € G

VT (@) = (T, r(@))ls < Crmaxlr(e)uly,.s < Cmaxl() Ky, < C max| K]y, w(z)

where C' is a constant depending on 7', py,...,p, are suitable numbers in I also depending
on 7', and the last bound is a consequence of Lemma 4.2. See the proof of the above item.
Apply d) of Proposition 2.6 with F' = 7, and E = S,,, taking into account 5). O

We summarize the findings in this section in the following theorem which is one of the main
results of this paper since it shows that our analysis is indeed applicable.

Theorem 4.5. If K € T,,, then Assumptions 1 +~ 4 are satisfied for T,,.

. Proof. Under the hypothesis (40), Assumption 1 is satisfied, and j(7,,) C L% (G) C L*(G) implies
Assumption 2. The reconstruction formula (44) clarifies that u is a cyclic vector for 7, which is
equivalent to Assumption 3 since Vo7 (z)u = ¢(x)K and V} is an injective strict morphism from S,
onto M7«. Finally, (44) with v = 7(x)u implies that Assumption 4 holds true. O

Observe that Theorem 4.5 paves the way for a coorbit space theory with a specific choice of
target space, namely 7,,. Indeed, if Y is a Banach space continuously embedded in L°(G) and
M-invariant, and we assume that K € Y# and that MaxsY is a subspace of U,,, then Assumptions
5 and 6 are satisfied. Hence Proposition 3.5 holds true, giving rise to a coorbit theory for Y.
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We summarize the general scheme in the following picture.

LOG) e

Figure 1: Objects on the group on top row, signals on bottom row.

4.2 Band-limited functions

As a toy example, we consider the space of band-limited signals on the real line. Although elemen-
tary, and certainly very natural, this case can not be handled by the classical coorbit machinery.
This is somewhat unsatisfactory, because the sinc function is one of the first examples of repro-
ducing kernels which comes to mind. Our theory does handle it, and the natural coorbit spaces
that arise are the Paley—Wiener p-spaces.

In this section, G is the additive group R and the Haar measure is the Lebegue measure dz.
We denote by S(R) the Fréchet space of rapidly decreasing functions and by S(R)’ the space of
tempered distributions. The Fourier transform on S(R) and S(R)’ is denoted by F. Regarding
L?(R) as a subspace of S(R)’, we set v = Fv for any v € L?(R).

The representation 7 is the regular representation restricted to the Paley—Wiener space of
functions with band in the fixed compact interval 2 C R, namely

H = B = {v e L*(R) : supp(?d) C Q}.
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Strictly speaking, the elements of BZ are not functions, but equivalence classes of functions. How-
ever, in view of the Paley—Wiener—Schwartz theorem [32], each equivalence class in B3 has a unique
representative which is continuous (in fact smooth). We are thus allowed to identify each class
with its smooth representative, and we shall do so.

Since the group R acts on B3 by translations:
m(b)v(z) = v(z — D), v € B,
on the frequency side, 7 = FrF~! acts on FH = L*(Q2) by modulations:
R)IE) = e RS, ve B

This representation is not irreducible: any subset = C (2 gives a subrepresentation on BZ. For the
reader’s convenience, we summarize in the next proposition the main facts that are relevant to our
discussion.

Proposition 4.6. The representation 7 is reproducing and the following facts hold true.

[a)] A vector w € Bg is admissible if and only if |u] = 1 almost everywhere on . In this
case, the kernel K is
K = (u,n(-)u)y = F 'xq,

where xq s the characteristic function on Q. Let u be an admissible vector. Then u(x) =
K(z) for every x € R if and only if the corresponding voice transform Va is the inclusion

Va : BY — L*(R).
If Q = [—w,w] is a symmetric interval, then the kernel is the sinc function
K (b) = 2w sinc(2wmbd),

where sincx = sinz/x.

3. Proof. The fact that 7 is reproducing follows from item a).

[a)]Applying the Plancherel identity, we can compute the voice transform as

v(&)u(§) €™ de = FH(va)(b), (46)

R

vm@:@m@w:@ﬁ@m:/

whose squared norm, again by Plancherel, is

W@WzéW&MW%

On the other hand, Plancherel also entails

HW:AMM%:AWm%.

Therefore, u is admissible if and only if |u(€)| = 1 for almost every £ € supp(v) C 2. Since
Q is compact, vectors u € B3 satisfying the above condition clearly exist and, hence, 7 is
reproducing. If u is admissible, using (46) we obtain K = Vou = F1([4]*) = F~(xa).
Suppose that © = K. Then, in view of item (1) we have u = xq, and equality (46) gives
Vov = F~1(D) = v for every v € B3, so that V5 is the natural inclusion. Conversely, if this
is the case, then K = Vou = u. If Q = [~w, w], from (46) it follows

K(b) = Vau(b) = /A\ﬁ(f)|2 e?miE J¢ = /w ™ d¢ = 2w sine(2w). O
R —w
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From now on we set 2 = [—w,w] and
u=K = F 'yq = 2wsinc(2wn-).
Clearly, K is not in L*(R), but it belongs to LP(R) for every p > 1. We thus choose the weight
w = 1 and take
T =)L"R)

pel

as target space to construct coorbits (recall that I = (1, +00)).

For p € [1,4+00), we define the Paley—Wiener p-spaces
Bf, ={f € L*(R) : supp(F f) € Q}.

Recall that the Fourier transform maps L? to L? for p < 2 , while for p > 2 we get distributions
that in general are not functions [32].

The spaces B, are usually defined in the literature as the spaces of the entire functions of fixed
exponential type whose restriction to the real line is p-integrable [33]. This definition is equivalent
to ours since a Paley—Wiener theorem holds for all p € [1,400). In particular, all these functions
are indefinitely differentiable on R. Moreover, if f € B, with p < 400, then f(z) — 0 as z — o0,
hence

BY C C°(R), 1<p<+o0.
Consequently, the Paley—Wiener spaces are nested and increase with p:
B CBY 1<p<g<+oo.

We are going to identify our coorbit spaces as Paley—Wiener spaces. To show this, we shall
repeatedly make use of the following fact.

Lemma 4.7. There exists a family of functions {g:} C C2° (I?&) satisfying

~

[)llim G = xo in LI(R) for every 4 > 1; X{—wses] < G < Xcwmeiwte); 1050 S 7'

such that for all f € LP(R), with p > 1, in S'(R)
F(f + K) = lim F(f)g.. (47)

Take f € LP(R). By Young’s inequality (76b) we know that f* K € L" for some r > 1, so that
f+K € S'(R) and the left hand side is the Fourier transform of a tempered distribution. Similarly,
F(f)ge € S'(R) because gz € C°(R), and on the right hand side we also have Fourier transforms
of tempered distributions.

. Proof. Take

hecrm), supp() 11 B0, [ R =1,
R
and then consider the corresponding approximate identity {ﬁg} defined by the dilations of h
he(€) =€ "h(¢/e), e>0,

so that h. € ce (]I/i)7 and define g; = he Xa. Since both factors are L'-functions, the convolution
theorem gives that g. = h K. A classical result, see Corollary 3.4 of [34], shows that g. — xq in
L1(R) for every ¢ > 1 and g. € C°(R). Moreover,

o~

supp(g:) C supp(he) +supp(xa) C [~&,e] + Q= [~w —e,w + €.
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Expanding the convolution, we get
O = [R(e-njdr= [ hrdr
Q (Q+8) /e

by a change of variable. Notice here that if || < w — ¢, then |£ + e7] < w whenever |7| < 1, which

o~

means that (Q+¢&)/e D [—1,1] D supp(h). It follows that
39 = [ Fryir =1

for every € € [~w+e,w—¢|. The derivative of g. is a(ﬁg*xg) = Oh.* Y0, and aﬁe(g) = 5‘28ﬁ(§/£).
A change of variable then yields

o <=t [ |ah(rldr < 2sup((ohl)= .

[_lal]

Finally, let h, = F _1/55. By dominated convergence, for all x € R

tim o) = [ h©)dg =1,

so that
lir% ge(z) = liH(l) he(z)K(z) = K(x),
£— £—

and at the same time
|he (@) K (2)|? < ||A[|E K (z)]?

for any ¢ > 1. Therefore h. K — K in L?(R), by dominated convergence. Young’s inequality
implies now that f * h. K — f * K in some L"(R), hence as tempered distributions. Therefore

F(f « K) = lim F(f + g.) = lim F()F(g.) = lim F(£)3:

by the continuity of the Fourier transform and an application of the convolution theorem, because
feS(R) and g. € S(R) (see Theorem XV, Ch. VII in [35]). O

We are now ready to state the characterization of the natural coorbit spaces relative to band
limited functions.

Proposition 4.8. Let Q = [~w,w] and take u = K = F~1xq. The space of test functions is

S=()B

pel
and the space of distributions is
!/
S =) B
pel
The extended voice transform is the inclusion
V,:S U

and the coorbits of the LP spaces are

Co(LP(R)) = MP = BY,.
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Proof. Since V3 is the inclusion by item 2) of Proposition 4.6, we have

S={veBj:vel’(R)Vp>1}=()Bbh.
pel

In order to describe S’, we first observe that

UMpzspanU./\/lpzMu.

pel pel

Indeed, since w = 1, by item (41) MP C L*°(G), so that MP C M? whenever p < q. Furthermore,
item 8) of Theorem 4.4 implies that V. = !V} establishes a linear isomorphism from MY =
Upes MP to 8'. In particular, 8" is the range ‘VoMY.

Since V : 8 «— T is the inclusion, the transpose map ‘V, : 7' — S’ is simply the restriction on
the subspace S. Therefore, we can explicitly represent S’ as the space of anti-linear functionals

veSr— / O(x)v(x)dz, NS U MP.
R pel
The two spaces are thus canonically identified and, with this identification, V. is the inclusion

S —U.

We next prove that MP = BP for all p € I. Let f € MP and ¢ be a smooth function with
compact support contained in Q¢. Then, by Lemma 4.7, we have

for some g. with supp(g:) C Q + [—¢,¢]. Since Q + [—¢,¢] Nsupp(p) = @ for £ small enough, the

].
limit is zero. This means that supp(f) C €, that is f € BE.

Conversely, let f € BP. We shall prove that Ff = F(f * K), whence f = f * K and f € MP.
Thanks to formula IV’ at page 111 in [33], there exists a continuous function 1, periodic on 2 such
that

f(z) = /Q (1 — 2)p(w) + 29 (€)] 277 de.

Hence
f@) = (1 = 2)(w)F~ xa(@) +2F " (¥xa)(2),
so that, in S(R), . .
Ff = (@)1 = 5-0)xa + 5-0(Uxa).

This tempered distribution acts on any function ¢ € S(R) by

(F1,9) = () e, (1 + 5-0)(¢)) — (xa, 5-0¢)

= [ o0+ 500610 - wie 50000 | ac. (49)
Q

On the other hand, we know from Lemma 4.7 that

F(f + K) = lim F(F)3,
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where the limit is taken in §'(R). Compute now
(F(NGger ) = (F [, 5:9)

= $()xa, (1 + 5-0)(G:0)) — (bxa, 5-0(3.0)

27
= [ o0+ 500000 - wie)500(0)| e
O 71' 7('

i ~
oo [ (W) = 6(©)e(€)0g () de.
TJa
By ii) of Lemma 4.7, g — xq pointwise, then the limit of the first integral is precisely (48). It
remains to verify that the last integral tends to zero. Notice that it vanishes on [—w + ¢,w — €]
because, by Lemma 4.7, g. = 1, hence dg. = 0. The rest of the integral is dominated by

—wLEL—w+e w—e<LE<Lw

[ sup  [P(w) —P(§)|+  sup ¢(w)—¢(§)|] [elloc [0 |0 €
S osw W) -9@+ sup  [(w) —P(E)];

—wLEL—w+e w—e<LELw

thanks to iii) of Lemma 4.7. But this tends to zero as ¢ — 0, because ¥ (w) = ¥(—w). We have
proven that MP = Bf, for all p. Thus we finally obtain

§'=|JBY and Co(L”(R)) = Bf. O
pel

4.3 Shannon wavelet

We consider now the special case of a non integrable kernel for the wavelet representation of
the affine group on L?(R). It is well known that this representation is reproducing and admits
admissible vectors whose kernel is integrable [36, 37, 1]. The resulting coorbit spaces are completely
understood as homogeneous Besov spaces [7, 1]. However, there are admissible vectors whose kernel
is not integrable, as for example the Shannon wavelet, which provides another example for which
our theory applies.

At first sight, this result might look surprising. Indeed, in [1], H. Feichtinger and K. Grochenig
claim that any band limited function whose Fourier transform has compact support bounded away
from zero leads to an integrable kernel. However, a careful inspection of the proof reveals that the
additional assumption that the Fourier transform is continuous is implicitly needed.

Let G = R x Ry be the connected component of the affine group with left Haar measure
dbda/a®. The wavelet representation 7 acts on H = L?(R) by dilations and translations:

7(b,a)v(x) = a/?v((z — b)/a).
The (real) Shannon wavelet is defined as

u(€) = xp/aa/210€D) = x[=1/2,1/21(§) = X[=1/4,1/4) (&),
that is

1 1
u(x) = sinc(wx) — 3 sinc(g:n) =3 sinc(%x) cos(%wx).

It is easily seen that u ¢ L*(R), but u € LP(R) for all p > 1. We now prove that the corresponding
kernel has the same behavior.

33



Lemma 4.9. The kernel K = Vou associated with the Shannon wavelet

u(z) = %sinc(%x) cos(%wx)

is in LP(G) for all p > 1, but it is not in L' (G).

Proof. Since u is real and even, the voice transform V5 is
Vou(b,a) = /v(x)a_l/Qu((x —b)/a)dz = (v w(0,a)u) (b).
The Shannon kernel is thus
K(b,a) = Vau(b,a) = (uxw(0,a)u)(d).

Since u is admissible, K € L?(G) and, by Fubini theorem, u * 7(0,a)u € L*(R) for almost every
a > 0. Then, by the convolution theorem for L?-functions

F(ux (0, a)u)(8) = @(B)m(0,a)u(B) = ' *Xp1 /a1 /21001 40,1241 (15])-
It follows that:

[@)] K(-,a) # 0 only if a € (1/2,2); if a € (1/2,2) the Fourier transform of K(-,a) is a
non-zero characteristic function.

By 2), for almost all a € (1/2,2) the function u 7 (0, a)u cannot be in L*(R), otherwise its Fourier
transform would be continuous. Hence K ¢ L'(G). Let us show that K € L"(G) for all r > 1.
From 1) we have

d 2 d 2 d
/ /|K(b,a)\’"db—c2l:/ /|u*7r(o,a)u(b)|’“dbi§=/ % (0, @)l 22,
R, JR a 1/2 JR a 1/2 a

Recall that u € LP(R) for all p > 1, so that the same holds for 7(0,a)u . By Young’s inequality
(76b) for the unimodular group G = R, we can estimate the inner norm and obtain

2 ||n(0, a)ull!
VKN < [l / 1290 o,
1/2 a

where p and ¢ are such that 1/p + 1/q = 1/r + 1. This integral is finite, because the function
a— |[7(0,a)ull; /a* is continuous and the interval [1/2,2] is compact. O

A Shannon wavelet coorbit theory can thus be implemented taking voices in the target space
T =ye; LP(G), but not in L'(G).

4.4 Schrodingerlets

In this section, we illustrate the example that has motivated the search for a full coorbit theory in
which one encounters reproducing kernels that do enjoy nice integrability properties but are not
necessarily in L'(G). The main feature of this example is that once the admissibility conditions
are worked out, it is relatively easy to exhibit kernels in (., LP(G) but hard to find a kernel in
L'(G). This example has shown up in the classification of reproducing triangular subgroups of
Sp(2,R), which was recently achieved in [38, 18].
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We shall be concerned with the three-dimensional group generated by rotations, dilations and
flows of two-dimensional signals, in a sense to be made precise below. The group acts on functions
via radial affine transformations, and the associated voice transform can thus be seen as a Fourier
series of one-dimensional wavelets. This representation is highly reducible, and reproducing.

The group G is the direct product of the (connected component of) affine group of the line with
the unit circle
G=RxRy) x5!

and its elements are parametrized by (b,a,¢) with b € R, a > 0 and ¢ € [0,27). A left Haar
measure is

_dbda dy

a2 27’

dx

Notice that G is not unimodular and has modular function A(b,a,p) = a™1.

The representation 7 that we are going to define acts on L?(R x S!), endowed with the tensor
product of the Lebesgue measure and the normalized Haar measure on S'. The action is

w(b,a,0)o(e,0) =a 2 o((@ —b)/a, ) —¢),  ve L (Rx S, (49)

Since L?(R x S') = L?(R) ® L?(S!),  is simply the tensor product 7 = w ® A\ where w is the
wavelet representation of the affine group

w(b,a)g(x) = a”? g((x —b)/a), g€ L*R), (50)
and ) is the left regular representation of S on L?(S1), namely
Mp)h(¥) = h(0 —¢),  heL*(sh). (51)

In what follows, we denote by JF, the unitary Fourier transform from L?(R) onto L? (I?K), which is
also regarded as a unitary map from L?(R x S!) onto L*(R) ® L?(S'). Furthermore, we denote

by Fy the unitary Fourier transform from L?(S') onto ¢?(Z), which is also regarded as a unitary
map from L?(R x S') onto L?(R) ® ¢?(Z). Explicitly, if v € C2°(R x S), then

Fov(p,9) = / o(, ) =207 g, (52a)
R
ing AU ——d?
_ —ind Y _ =Y
Fov(x,n) —/Rv(x,ﬁ)e o /]R1)(:10,19)<en(19)27r7 (52b)

where e, (9) = e, The partial Fourier transform Fyv of any v € L%(R x S!) can be identified
with the sequence of functions (v, )nez in L*(R), where v,, = Fyv(-,n). Hence

v= Zvn & en, HU”%Q(RxSl) = Z”Un”%Q(R)' (53)
neEL neZ

To simplify the computations, we restrict the representation 7 to the closed subspace H =
FLL2(Ry) ® L2(S1), so that the wavelet representation w acts irreducibly on F, 'L?(R). Given
a vector u € H, we denote by V the voice transform corresponding to the representation m of G
and the analyzing vector u, namely

Vu(b,a,9) = (v,n(b,a,d)u)y vEH,

and by V¥ the voice transform corresponding to the representation w of the affine group and the
analyzing vector u,, i.e.

Vi'g(b,a) = (g, w(b, a)un>L2(R)-
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We use the unitary operator F, : H — L2(R,xS!) to obtain an intermediate equivalent version of r,
denoted F,(7), acting on L?(R,xS*). This is defined via the intertwining F, on(g) = F,(7)(g)oFx
for every g € G. The analytic expression of F,(7) is immediately computed to be

Folm)(b,a,0)v(€,9) = 0!/ e w(ag, 0 — ),
whereas from the structural point of view it may be written as
Fu(m) =W A,
where w(b,a) = F, ow(b,a) o F, L.

The group G can be realized as the triangular subgroup of Sp(2,R) consisting of the matrices

{ a~12R 0

ba—1/2R al/QR:| ; beR,a>0,R e SO(2).

Thus, G may also be seen as the semidirect product R x (R4 x.SO(2)), where the homogeneous
factor Ry x .SO(2) acts on the normal subgroup R by isotropic dilations. We shall not distinguish
between S! and SO(2) and write rotations as

__|cosp —singp
Ry = {sing@ Cos ¢ } ’ v € [0,2m).

We show below that 7 is equivalent to the metaplectic representation p as restricted to the above
group, defined in the frequency domain by

pb,a, Q)u(€) = a2 > M (0l 2R_g), v e LX(RY).

The space-domain version of this representation explains the reason of the name Schridingerlets.
Denote by 1 the representation obtained by conjugating p with the Fourier transform, namely

1i(g)f=F 'oulg)oF.

We now interpret b € R as a time parameter and look at the evolution flow of f € L'(R?)N L?(R?)
(b,2) = finf (2) = b, 1,0)f(2) = [ f(§e > e e e,
R2
It is then straightforward to verify that the flow fi, f satisfies the Schrodinger equation

(m% + A)ﬁbf(x) —0,

where A is the spacial Laplacian
0? 0?
A=—+ —.
ox? * 0x3

It is in this sense that the group is generated by (dilations, rotations and) flows.

We now prove the equivalence. The unitary map W : Lz(]l/@) — L? (I@Jr x S1), defined by
To(€,9) = 71/2 v(\/Ecos V), /Esin ),

intertwines pu with F,(7) because, for v € LZ(H/@), we have on the one hand

W (u(b,a,9)0) (€:9) = ¥ (a2 (0l 2R, () (€ 9)
— 21/241/2 = 2mib|(VEcos §,v/Esind)|* (a1/2R,¢(\/§cos 9, \/gsin 19))

= ml/2aM/ 220y (a(/E cos(9 — ), VEsin(d — ¢))
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and on the other hand

Fo(m)(b,a,0) (W0) (€,9) = a2 e (Wo) (a8, ¥ - @)
= al/? 72 112y (\/a€ cos(9 — ), \/a€ sin(9 — @),

as claimed. In conclusion, since w and F,(7) are equivalent, so are = and pu.

We point out that ¥ is simply the change from rectangular to polar-like coordinates (v/€,9),
together with the appropriate L?-normalization.

Since the wavelet representation is irreducible, while A completely reduces to @, cze_,, where
each function e,, is regarded as a character of S', then

= Quoe,
ne”z

which expresses 7w as a sum of irreducibles. This allows us to view the voice transform of 7 as a
Fourier series of one-dimensional wavelet transforms, as clarified in the next proposition.

Proposition 4.10. Letu =} _,
admits the trigonometric expansion

Uy ® e, € H. The voice transform V' associated with m and u

Vo(ba,0) = > Vyva(b,a)e™?, (54)
nez

where the series converges pointwise for all (b,a,¢) € G and where

Vv (b,a) = Vv(b,a,ﬂ)e_mﬂ@.
S1 2

. Proof. Since Fy is a unitary map, for all (b,a, ) € G

(v, (b, a, p)u)y = (Fov, Fy (w(b, a) @ A(I)) w) L2r)0e2(2)
= (Fyv, (w(b, a)® .7:19/\(@)}“19_1) ]:19“>L2(]R)®[2(Z)
= (vn, w(b, a)tn) 2y e—n ()

neZ

= 3V ua(b,a)e™?,

nezZ

where the third line is due to the fact that the action of FyA(9)F, " on ¢?(Z) is the multiplication
operator by the sequence (e_,(p)),. For fixed (b,a) € R x Ry, the function ¢ — Vu(b,a,?) is
continuous and, hence, integrable on S!. Therefore, by de la Vallée-Poussin theorem, (see iii) of
Theorem 11.3 in [39]), we obtain (55). O

The Fourier expansion (54) shows how to construct admissible vectors as series of wavelets.
This result has been originally obtained in [18] and in general setting in [40]. For the reader’s
convenience, we give here a more direct proof.

Proposition 4.11. The representation 7 is reproducing and a vector u = Y ., up @ €, € H is
admissible for w if and only if for alln € Z

/ mun(f)P% —1. (56)
Ry
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Furthermore, given a sequence (up)nez with u, € .7:711}2(@_4_) we have

Sun@ e cH e Z/ | Faun(€)2de < +o0. (57)
neEL ne”Z
If u is an admissible vector, the voice transform from H into L*(G) = L*(R x Ry) @ L2(S!) is
ng:ZVﬁwvné@en v:Zvn@)eneH (58)
nez nez

and the series (54) converges also in L*(G).

Proof. Admissibility of v means that ||[Vv||z2(q) = [[v]| must hold for all v € H. Fix n € Z

and choose v = v, ® e, with v, € F~1L? (HA%Jr) By (54), when computing the norm, the integral
on the circle is equal to 1, whereas the integration on R x R, provides the classical admissibility
condition, namely Calderén’s equations (56).

Conversely, suppose (56) true for every n € Z. Fix v € H. Given (b,a) € R x Ry, (55) implies
that the function Vv (b, a,-) is in L2(S?) if and only if the sequence (Vv,(a,b))nez is in £2(Z) and,
under this assumption, Fubini theorem yields

" dbda
Vol = [ SWrubaPTs =% [ ok = ol (59)

RxR+ neZ nez

because by (56) for each n the voice V2 is an isometry from F L2(R.) into L2(R xR, , dbda/a?).
The last equality is due to (53). Equation (57) is a consequence of (53) and the fact that F, is
unitary.

To prove that 7 is reproducing, it is enough to show there exists a sequence (uy ), in F _1L2(I?&+)
satisfying both (56) and (57). Fix ug € F~1L?*(R,) satisfying (56), i.e., an admissible vector for
the wavelet representation w. For all n € Z define the functions u,, € F~1L?(R,) as

Un(.’II) = anUO(anx)a ]::vun(f) = waO(ayjlg)a

where a,, > 0 and ap, < +00. Since ug satisfies (56), so do all the functions w,,. Further,

nez
S [ 1Fa@Pde =3 [ 1l e = fuol 3 < oo
nez nez nez

so that by (57) the vector u = > u, ® e, is in H and is admissible for .

Finally, we prove (58). By (59) the series > ., Vv, @ ey, converges in L*(G) to Vav. O

Now we come to the integrability question. The idea is based on the very simple observation
that Calderén’s equation (56) is invariant under dilations.

Proposition 4.12. There exist admissible vectors u € H whose kernel K = Vau belongs to
Nper LP(G) but not to LY(G).

Proof. Define u as in the second part of the proof of the above proposition. Using (58) we write
K =Y K, ®e, where K,, = V,"u,, and the series converges both in L?(G) and pointwise. By a
simple change of variable, we get that K, (b,a) = a,Ko(anb,a). Therefore for any p € T

1/p
dbda _
il < Son ([ lonna ) < sl ol
RxR, a

ne”Z nez
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In order to construct w, it is therefore sufficient to take a positive sequence for which > _, ag
converges for every a € (0, 1].

We now prove that the kernel is not in L'(G). By contradiction, assume that K € L'(G).
Fubini’s theorem implies that for almost all a € R, the function K(-,a,-) is in L*(R x S'). Hence,
regarding R x S! as an abelian group, its Fourier transform

; v 2 d
FK(,n)= / K(b,a,gp)eﬂ"@ef%wgdbg
Rx St m

: o d
=/< K(b,a, @)eln”db) e 2mibe 4P
R St 2T

is in Co(R x Z). By (55), it holds that

FK(&,n) = / an Ko(anb, a)e= % db

R
= [ Kop)e 2% ab = 5(),
R

an
where ¢ is the Fourier transform of the function Ky(-,a), which is in L*(R) by Fubini’s theorem.
Fix £ € R and set & = a,£ in the above equality. Then

(&) = lim FK(a,&,n) =0,
because FK € C’O(]ﬁ x Z). Hence, by injectivity of the Fourier transform, Ko (b, ag) = 0 for almost

all b € R. Since the above equality holds for almost all a € R, we get that Ky = 0, which is a
contradiction. O

5 L'-kernels: the non irreducible coorbit theory

In this section, we apply our machinery and show that the standard setup of coorbit theory makes
sense without assuming that the representation 7 is irreducible, because it corresponds to the
case arising from the classical choice 7 = L. (G). The fact that irreducibility is a somewhat
redundant assumption has been perhaps known to some extent, but it is not easy to pin down
precise statements in the literature. Theorem 5.1 below contains a summary of the most relevant
facts.

It is perhaps worthwhile observing that the present case is structurally different from the case
discussed in Section 4.1 because L} (G) is not a reflexive space.

Throughout this section, we fix a continuous function w : G — (0, +00) satisfying the following
assumptions (see [4]):

w(zy)
w(z)

w(z)w(y) (60a)
1 (60b)

(AVARVAN

for all z,y € G. We choose as target space 7 the Banach space L. (G) and denote by j the
canonical inclusion into L (G) C L°G). Since j is canonical, we do not write it explicitly,
especially because it would conflict with the current literature, where no explicit mention of the

embedding is ever made.
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Since Lemma 4.1 and Lemma 4.2 do not depend on Assumption (38b),
LLG)# ={Dc L°(G) |w™® € L™(G)}

the left regular representation X leaves L. (G) invariant, and the restriction ¢ of A to LL(G) is a
continuous representation that satisflies

@) € w(z), zed. (61)

We assume that there exists an admissible vector u € H whose voice transform Vau is in L} (G)
and construct the corresponding reservoir S, of test functions. We are in a position of stating
the main properties of the standard setup, without the assumption that the representation is
irreducible.

Theorem 5.1. Take a reproducing representation m of G acting on the Hilbert space H and a
weight w satisfying (60a) and (60b). Choose an admissible vector u € H such that

E(:) = (u,m()u)p € Ly, (G)
and set
Sw={veH| (- u)y € LL(G)},
ol = [ v r(@)um (s
[a)]The space Sy, is a Banach space and the canonical inclusion i : S,, — H is continuous and

with dense range. The representation 7 leaves Sy, invariant, its restriction T is a continuous
representation acting on S, the operator norms satisfy ||7(x)|| < w(z) for all x € G, and

i(r(z)v) = 7(x)i(v) reG,veS,.

Endowing H with the weak topology and S’ with the weak-x topology, the transpose mapping
% H — 8! is continuous, injective and with dense range, and satisfies the intertwining

r(x) i(w) = Yi(r(z)w) reG,weH.

The restricted voice transform Vo : Sy, — LY (G) is an isometry intertwining 7 and \ and its
range is the closed subspace

M ={feL,(G)|f*K= [},

For all f € LL(G), the Fourier transform of f at u exists in S,, and satisfies

Vor(flu= f =K.

Furthermore, the map
LL(G) 3 fm(flueS,

is continuous and its restriction to M' is the inverse of Vy. The extended voice transform
Ve : S, — L2, (G) is injective, continuous (when both spaces are endowed with the topology
of the compact convergence) and intertwines ' and \. The range of V, is the closed subspace
MP={dec Ly .(G)|®2xK =2} C C(G).

For allT € 8,, andv € Sy
(T,v)s,, = (VeT, Vov) L1 () (62)
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For all ® € L, (G) the Fourier transform of ® exists at u in Sy, and satisfies
Ver(®)u = &+ K.
The map
M>® 30 n(Pues,
is the inverse of V, and coincides with the restriction of the map Vo to M, namely
Vo ("Vo®) = Vo (@)u = @, o e M™. (63)
1(Sw) ={T € 8, | VeT € Ly,(@)} = {(flu| f € M'}.

§. Proof. Since L. (G) C LY(G) and K, Vov € L>®(G) for all v € H, Assumptions 1 and 2 are satisfied.

w

[2)]By the first part of Theorem 3.1 which does not depend on Assumption 3. The space S
is a Banach space because M1 is such. Apply Theorem 3.1. Moreover, by (61)

Im(@)vlls, = [Vor(@)vlliw = [A@)Vovlliw < w(@)[[Vovll1,w = w(@)|v]s, -

Apply Theorem 3.1. Apply Theorem 3.2. Fix f € LL(G) and set ¥ : G — S, ¥(z) =
f(z)T(z)u. We show that ¥ is Bochner-integrable with respect to 8. The map ¥ is (-
measurable since f € L°(G) and z — 7(z)u is continuous from G into L. (G), and, by item
b),

¥ (@)lls, = f(@)r(x)uls, <w@)|uls,|f(@)],

which is in L}(G) since f € L1 (G). Set

W(f)u:/Gf(x)T(x)udx.

Clearly, for all v € S,
Cim(fu,v)s, = /G F@)(i(r (@), i(0))pda = /G F(@) (), i(0)) .

Hence %im(f)u satisfies (14) and we can identify 7( f)u with %in(f)u. So Ver(f)u = Vor(f)u.
The fact that Vor(f)u = ® * K follows from (20) with F = L. (G) and E = S,,. The fact
that f — 7(f)u is the inverse of Vj follows from (21c) in Proposition 2.6. We first prove that
VeS,, C L2 (G). Take T € S},. For all z € G, by (61)

(T r(@)us, | < [ Tlls;, IT(@)ulls, = [Tls, A @)Vullw < w@)|[T|s;, | K],

so that w~!V,T is bounded and continuous. We now prove the reconstruction formula (62).
Fix v € S, and define the map ¥ : G — S, by ¥(z) = (7(z)u, i(v))x7(2x)u = Vov(z)T(2)u.
We show that it is Bochner-integrable with respect to . It is continuous since both Vyv and
7(-)u are continuous, and

(@), = Vov(@)l[[r(z)ulls, <w@)Vou(@) K1,

which is in L'(G) by definition of S,,. Hence there exists w, € S,, such that
Wy = /G<7r(x)u,i(v)>HT(:1:)u dx.
For all z € H we have i(z) € S!, and
(i) = (i) s, = [ (r(@pi() () (@), do
= /G{W(l‘)u,i(U)>H<Zv7T(33)U>Hd$ = (z,i(v))n,
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)

that is, w, = v. Hence
v= [ (w@uito)wr@uds
G

where the integral is a Bochner integral in S,,. Take T € S/,. Then for all v € S,,

(T, v)s, = /G (@), i (0)) 30 (T, 7 (@) s, d,

which proves the reconstruction formula. This, in turn, implies that V. is injective. Apply
item a) of Proposition 2.6 with £ = S, and F' = L, (G). Items b) and d) of Proposition 2.6
with F' = L°,(G) and E = S, show that the range of V. is the closed subspace M> and
that the inverse of V, is ® — 7(®)u. Since VpS,, C LL(G) and Vov = V. %i(v) for all v € Sy,
it follows that %i(S,) C {T € S, | V.T € L. (G)}. Furthermore, Proposition 2.6 with
F=LL(G) and E = S, gives that

{T €8, | VeT € L,(G)} = {n(flu| f € M'}.

Item d) of this theorem finally implies that {7 (f)u | f € M} = 8,,. O

As shown in the previous proof, Assumptions 1 and 2 are satisfied. The reconstruction for-
mula (62) makes clear that u is a cyclic vector for 7, which is equivalent to Assumption 3 because
Vor(z)u = £(x)K and V; is an isometry from S, onto M!. Furthermore, (44) with v = 7(z)u
implies that also Assumption 4 holds true.

From now until the end of this section we choose a Banach space Y with a continuous embedding

j:Y — LL (G), denoted f — f(-), and with a continuous involution f + f. We further suppose

loc
that there are two continuous representations ¢ and r of G on Y satisfying

[i)forallz € Gandall feY

JWx)f) = A=)i(f),  Jr@)f) = plx)i(f); (64)
for all f € Y and almost every = € G,
i(H)(@) =i (f)(@). (65)

Proposition 5.2. Assume that Y is a Banach space with a continuous representation r for which
there exists a continuous embedding j : Y — L, (G), denoted f — f(-), such that, for all x € G,

all f €Y and almost every y € G it holds that r(z)f (y) = f(yx). Suppose that g € L}, .(G) is
such that for all f €Y

/G 9@ lIr@) flly de < +oo. (66)

Then j(f) and g are convolvable, there exists f x g € Y satisfying j(f) * g = j(f *g) and

1 *glly < /G 9@V lIr@) fly da.

Proof. The proof is closely related to the proof of Proposition 6 Chapter VIII.4.2 of [29]. Fix f € Y
and g € L{ .(G) and set

U:G—-Y, U(x) = glaHr(z)f.
We claim that ¥ is S-integrable in the Bochner sense. Since r is a continuous representation, the
map z — r(z)f is continuous from G to Y and hence it is F-measurable. Since g € L{ _(G), so is
g, and hence ¥ is S-measurable. Furthermore,

v [ T(@) ]y =gl Hllr@)flly
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is O-integrable by assumption. Hence V¥ is (-integrable. Define

v = / gz Yr(z)fdr €Y,
G

which clearly satisfies

Jolly < [ lata= )@y (67)

Recall that C.(G) C Y# and take ¢ € C.(G). Then by (8) with ¢;(f) = ||f|| (Y is normed)

Lrewlewiar = [ o (/Ifyw |dy)dx<c/g Y lr() ly de,

which is finite by assumption. By Fubini theorem, the function

(z,y) = g(z™") f(yz)e(y)
is in L'(G x G) and, hence, there exists a negligible set N, such that for all y ¢ N,, the function

= gz ™) fy)e(y)

is in L'(G). Put E, = {z € G | ¢(x) # 0}. By the change of variable z — y~'z, for all
y € E, \ N, the function
= f()g(x™"y)

is in L*(G). Take a countable family {¢y }ren such that |, E,, = G and set N = |J, N,,. Then
N is negligible and for all y ¢ N the map z — f(z)g(x~'y) is integrable. Hence, for all ¢ € C.(G),
Fubini theorem gives

/G o(y)e)dy = (v, 9y
:/ 9(x71)<r(m)f,<p>yd$
G

= [ (] f(W)<P(?J)dy) s
/ (/ T2 ) dy

where (-, -)y denotes the duality between Y and Y# C C.(G) introduced in (6). By the change of
variable £ — 3!z in the inner integral, we get

/Gv() dy/(/f gz~ ydx)()dy. (68)

This means that j(f) and g are convolvable, j(v) = j(f)*g and, by (67), the inequality || f * g||y <
Jelg@™H]llr(z) flly holds true.

Corollary 5.3. Take a weight w such that ||r(z)|| < w(x) for all x € G. Then:

[a)]For all f € Y and § € LL(G), j(f) and g are convolvable, there exists f* g € Y such
that j(f * g) = j(f) * g, the map

Y>f—fxgeY
is continuous and ||f * glly < || fllvllglli,w- The set

Y={feY|fxg="[}

is a closed £-invariant subspace of Y.
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2. Proof. Ttem a) follows from Proposition 5.2, observing that (67) is satisfied and

/Glg(r’l)\\\f(x)fllv dz < | flly[Igll1,-

As for b), since Y is a metrizable topological space, it is sufficient to prove that MY is sequentially
closed. Take a sequence (f,), in MY converging to f € Y. Possibly passing to a subsequence,
we can assume that there exists a negligible set N such that for all ¢ N the sequence (f,(z))n
converges to f(x). Furthermore, possibly changing N, we can also assume that, for all n and

¢ N, j(fn) *g(x) = ful2).

Since f — f* g and j are continuous, j(f,) * g converges to j(f) * g in L _(G). Hence, by

loc
Lemma 6.1 in the appendix, possibly passing again to a subsequence and again redefining N, we

can also assume that for all x ¢ N lim,, j(f,,) * g (x) = j(f) * g (z). Then
J(f) * g () = limj(fn) * g (¢) = lim fp(z) = f(),
so that j(f) * g = j(f) in L°(Q), that is f € MY . Finally, given z € G and f € MY by (77b) ,

Jl(x)f) = Mx)i(f) = M) (G (f) * g) = AMx)i(f) * g = j(l(=z)f) * g,
which means that ¢(z)f € MY . O

We apply the above corollary with the choice g = K, which is in L} (G) by assumption, together
with K = K. Notice that, although Assumption 5 is not satisfied, b) of Corollary 5.3 guarantees
that MY is a closed subspace of Y. Furthermore we assume that

MY C L=, (@G). (69)

w1t
Since by construction Vov € LL(G) for all v € S and L, (G) = L. (G)#, (69) implies Assump-
tion 6. Hence we can define
Co(Y)={T €S, |V.T €Y},
1Tl oy = IVeT Iy

The inclusion (69) is satisfied by all the classical Banach spaces considered in [2]. This fact is
shown in the proof of Proposition 4.3.

Theorem 5.4. The space Co(Y) is a m-invariant Banach space and the restriction of Ve to Co(Y)
is an isometry from Co(Y) onto MY . For all ® € MY, w(®)u exists in S.,, it actually belongs to
Co(Y) and satisfies

7(VeT)u =T, T € Co(Y) (70a)
Vor(®)u = @, de M. (70b)
Proof. Apply Proposition 2.6. O

5.1 Completeness and weights bounded from below
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Take a continuous function w : G — (0, +00) satisfying only (60a). Take a square-integrable
representation 7 acting on H and fix an admissible vector u € H such that

K(-) = (u,m(-)u)p € Ly, (G),
and set
Sw={veH| (v,r()u)yx € LL(G)}
Iolls. = [ (0 r(@)umfo()ds
Theorem 5.5. The space Sy, is a Banach space if and only if
irelgw(x) > 0. (71)

Proof. Assume that inf,cqw(xz) > ¢ > 0. We can always suppose that ¢ = 1 so that (60b) holds
true. Indeed, if ¢ < 1, we redefine w as w/c, so that

wley) _ w@ywly) _ w() w(y)
c ” c? -~ ¢ ¢
and w/c satisfies (60a). Since L. (G) = L} /(G) with equivalent norms, clearly the fact that S
is a Banach space does not depend on the choice of ¢. Item a) of Theorem 5.1 states that S, is a
Banach space.

Assume that S,, is a Banach space. Define S} as the vector space S,, with the norm

[v]l+ = max{[[v]ls, [[v]l}-

We claim that S} is complete. Take a Cauchy sequence (v, ), with respect to ||-||.. By construction,
it is a Cauchy sequence also with respect to both |-||s, and ||-||». Since S,, and H are complete,
there exist v’ € S, and v € H such that

[on = vl =0 [on =o', = 0.

lim lim
n—-+oo n—-+oo
Since the voice trasform is an isometry both from H into L?(G) and from S, into L} (G), the
sequence (Vvy,), converges to Vo in L?(G) and to Vo' in Ll (G). Hence, possibly passing to a
subsequence, (Vv,), converges almost everywhere to Vv and to Vv'. Since w > 0, Vv = Vo'

almost everywhere and, hence, v = v’ by the injectivity of V, so that v € S}. Furthermore

lim |jvp, — vl = lim max{||v, —v|s,, ||vn —v|lx}
n—-—+oo n—+oo
=max{ lim |v, —v|s,, lUm |jv, —v|x} =0.
n—-+4oo n—-+oo

Hence S is complete and the natural inclusion ¢ : S} — S,, is clearly continuous and bijective.
Since &, is a Banach space, the open mapping theorem implies that the inverse is also continuous,
so that there is a constant ¢ > 0 such that

cllofl« < lvlls, < vl
As usual, for all z € G and v € S,
[7(z)vlls, = [[A(2)Vv]
Then, if v # 0, for all x € G

Ly Sw@)vlls,,  lw(@)vlln = [vllx.
cllvlln = elm(@)vlls < cllm(@)olle <|lm(z)vlls, <w(@)|vls.,
taking the infimum over G, we get

0 < ¢ < inf w(z).
zeG
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6 Appendix: some functional analysis

6.1 Notation

The set L°(G) is a metrizable complete topological vector space, and Co(G) is dense in L°(G)
(Propositions 19 and 20 Chapter IV.5.11 of [30]). Since G is second countable, Cy(G) is separable
(with respect to the convergence on compact subsets, hence with respect to the convergence in
measure) and LY(Q) is separable, too. Furthermore, if (f,) is a sequence converging to f in L°(G),
then there exist a subsequence (f,, ) and a negligible set N C G such that

. lirf frn () = f(2x) for all z € G\ N. (72)

(Corollary of Proposition 19 Chapter IV.5.11 of [30]).

If G is compact Li (G) = L'(G) is a separable Banach space. Otherwise, a saturated funda-

mental system of semi-norms is given as follows (recall that a family is saturated if the maximum
of any finite set of seminorms is in the family). Since G is second countable, take a countable
increasing family (K;);en of compact subsets of G such that IC; C ;41 and |J; K; = G. For all
1 € N put

a( = [ @ (73)
Then, for each compact set K there exists ¢ € N such that K C K; and
J1r@lds < air).
K
With the induced topology, Li (G) is complete (see Ex. 31 Chapter V.5 of [30]), hence it is a

Fréchet space.

Lemma 6.1. If (f,) is a sequence in L}, (G) converging to f in L}, (G), then there exists a
subsequence (fn, )1 that converges to f almost everywhere.

Proof. If G is compact, the claim is clear. If not, take the increasing sequence of compact subsets
(K;)ien defining the fundamental family of semi-norms (73). The topology of L{ (G) is such that

loc

(fn)n converges to f in L'(K;) for all i € N. We procede by induction on N. Suppose that we
have found a subsequence ( fn“))k and a negligible subset V; C K; such that
k

lim f o (z) = f(z) for all z € K; \ N;.
k—+oo " Tk

Clearly (fnm )i converges to f in L'(K;,1) and we can further extract a subsequence (fn(i+1) )i for
k k
which there exists a negligible subset N;;1 C K;41 such that

klir+n fn(i+1)($) = f(x) for all x € K;y1 \ Nij1.
— 100 k

Set N = {J;en Vi and fy, = [, Given x ¢ N, fix h such that x € K}, , so that x € K; \ N; for
k
all i > h. Then (f &) (z))k>n is a subsequence of (f o (z))r>n which converges to f(z). O
k = g =

Given f € L(@), f € L°(G) since a subset E C G is negligible if and only if E~' is negligible.
Notice that

ferr@ =  AVrpeIr@) =  feIP(GATN-p) (74)
1Fllp = 1A= 1], (75)

Since A is continuous, L

1 (@) is invariant under the map f + f.
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6.2 Representations

Let E be a locally convex space with a saturated fundamental system {¢;}; of semi-norms and 7
a (linear) representation of G on E.

[i)] The representation 7 is separately continuous if[a)]

1. (a) for all x € G, 7(z) is continuous from F to E;

(b) for all v € E, x + 7(x)v is continuous from G into E.

2. The representation 7 is continuous if
[)]if (z,v) — 7(z)v is continuous from G x E into E.

(8) The representation 7 is equicontinuous if
[)]if (z,v) — 7(x)v is continuous from G x F into E; 7(G) is equicontinuous, i.e. for
every semi-norm g¢; there exists a semi-norm ¢; and a constant C such that ¢;(7(z)) <
Cq;j(r(x)) for all z € G.

If E is a Fréchet space, then 1) implies 2) (Proposition 1 Chapter VIII.2.1 of [30]). Furthermore,
7 is continuous if and only if for any compact set @ of G, 7(Q) is equicontinuous and the map

2 +— 7(z)v is continuous for all v € D, where D is a total set in E (Remark 2 of Definition 1
Chapter VIIL2.1 of [30]).

6.3 Convolutions

The basic property of convolution is given by the following lemma.

Lemma 6.2. If fx*g eists, it is a 3-measurable function whose equivalence class in L°(G) depends
only on the equivalence classes of f and g.

(b) Proof. Without loss of generality, we can suppose that both f and g are positive. The topological
isomorphism ¢ : G x G — G x G, Y(x,y) = (x,y 'x) has the property that a set £ C G x G
is 8 ® B-negligible if and only if ¥ ~!(E) is 8 ® B-negligible. Indeed, take E a Borel measurable
subset of G x G, then

e AW (E)) = /G B (E))da = /G BB V) dr = /G B(E;Y)da

where E, = {y € G | (z,y) € E} and v Y (E), = {y € G | (z,y '2) € E} = zE;!. Hence
B® B~ 1(E)) =0 if and only if 3(E,; 1) = 0 for almost all z € G, which is equivalent to the fact
that G(E,) = 0 for almost all z € G, i.e. §® B(F)=0. As a consequence, the map ¢ = (f ® g)v
is B ® B-measurable, and if we change f ® g on a negligible set, ¢ will change on a negligible
set, too. Since G is second countable, the measure § is moderated and Proposition 7.b) Chapter
V.8.3 of [30] shows that the map = — [ ¢(,y) dy is f-measurable, where the integral is finite by
assumption. Therefore, fG o(z,y)dy depends only on the equivalence class of f and g. O

If f,g € LL (G), f*g exists and |f|*|g| is in L] (G), then we say that f and g are convolvable.

Since f,g € Ll .(G), then = f-B and v = g- 3 are (Radon) measures on G. The fact that f and
g are convolvable is equivalent to the fact that p and v admit a convolution, i.e. for all ¢ € C.(G)

the function (z,y) — ¢(zy) is u @ v-integrable, namely

[ lenlis@llg@ldsdy < +20, ¢ € Cu(G),
GxG
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The two definitions agree, since:

[i)Jif 4 and v admit a convolution, the map ¢ — [, ¢(zy)du(z)dv(y) defines a measure on G
whose density is precisely f * g (Proposition 10 Chapter VIII.3.2 of [29] and Proposition 10
Chapter VIIL4.5 of [29]); if | f| x|g| exists and is in L (@), then p and v admit a convolution
(Proposition 9 Chapter VIIL.4.5 of [29]).

We recall the following sufficient conditions.
[a)]Corollary 20.14 of [41]: if f € L'(G) and g € LP(G) with p € [1,+00], then f and g are
convolvable, f * g belongs to LP(G) and
1f * gllp < 1712 llglp- (76a)

Theorem 20.18 of [41]: if f € LP(G), g € LYG) and § € LUG) with 1 < p < +o0,
1 < ¢ < 400 satisfying % + % =1+ % with 7 > 1, then f and g are convolvable and f * g
belongs to L™(G). Furthermore, if ||§llq = ||gllq, then

1 * gl < [ £llpllgllq- (76b)

Theorem 20.16 of [41]: under the same assumptions on f and g as in the previous item, if
% + % =1 with 1 < p < 400, then f and g are convolvable and f * g belongs to Co(G) and

1 * gllos < [ £[lpllgllq- (76¢)

Theorem 20.16 of [41]: if f € L'(G) and g € L>°(G) (which is equivalent to § € L>°(G)) or
if f € L>®(G) and § € L*(Q), then f and g are convolvable, f * g is a bounded continuous
function, and

1 * gl < [Ifll1llgllsc or [If * glloo < [[flloollglly (76d)

In general, the convolution is not associative. We recall a sufficient condition as well as some other
useful relations.

Lemma 6.3. Given f,g € L°(Q),

frg=gxf (77a)

and, for all x € G,
Az)f xg=Nx)(f *g) p(x)f xg= A ")(f*Az"")g) (77b)
fX@)g =A@ )(pla™")f*g) fp(x)g =pl@)(f *g), (77¢)

provided that one of the two sides of each equality exists.
If f,g,h € L°%(G) are such that either | f|x|g| and (|f|*|g|)*|h| exist or |g|*|h| and | f|*(|g|*|h|)
exist, then
fr(gxh)=(f*g)*h (77d)

and all the convolutions exist.

2. Proof. To prove (77a) just compute

g% f(r) = /G Flu2)a(y)dy = /G Faty)g(y ) dy = /G F@)gly e Y)dy = fx g(z).

48



Next we prove (77d). Fubini theorem gives that, for all x € X

(IF1*1gl) * [nl(x) = / FW)la(y™" 2)||h(=""2)|dydz

GxG
=/ [FWllg(2)Ih(z"ry ™ ) dydz = [ f| * (|g] = [h])(x)
GxG

by the change of variable z — yz. Hence the two assumptions implies that the map (y,z) —
FW)gly=t2)h(z71z) is in LY (G x G). Since |f * g| < |f| * |g], all the convolutions in (77d) exist
and Fubini theorem implies the claimed equality. The remaining assertions are standard. O

6.4 Scalar integration

Let E be a locally convex topological vector space, and let X be a Hausdorff locally compact second
countable topological space with a positive measure dzx, which is finite on all compact subsets. A
function ¥ : X — FE is called scalarly integrable if the scalar function (T, ¥(-)) is integrable for
every T € E'. If U is scalarly integrable, the map

T|—>/X<T,\Il(x)>Edas

defines a linear functional on E’, possibly not continuous; that is, there exists an element in the
algebraic dual E’*, called the scalar integral of ¥ and denoted

/ U(z)dx € E™,
X
such that

(T,/X\I/(m)dx>E:/X<\Il(x),T>Edm.

Usually one is interested to understand under which conditions the scalar integral lies in E. In
our paper we often look ar the case in which the argument takes its values in a dual space (or in
a space which embeds into a dual space), namely

U:X — E,

where E! is the space E' endowed twith the weak*-topology, namely the topology of simple con-
vergence, so that (E.) = E.

A locally convex space F is said to have the property (GDF)” if every linear map from E to a
Banach space which has sequentially closed graph is actually continuous (that is, the closed graph
theorem holds true for Banach space-valued linear maps defined on F). All the Fréchet spaces
enjoy the property (GDF) ([25], Chapter 1.3.3, Corollary 5). Also, the dual space of any reflexive
Fréchet space satisfies the property with respect to the strong topology, namely the topology of
the convergence on bounded sets ([30], Chapter 6, Appendix, n° 2, Proposition 3).

The key theorem for the convergence of scalar integrals with values in a dual vector space is
the following.

Theorem 6.4 (Gelfand-Dunford, [30], Theorem 1, Chapter VI.1.4). Let E be a Hausdorff locally
conver topological vector space with the property (GDF). Then, for any scalarly integrable function
U: X — E., we have

/X U(z)dx € E'.

"The acronym GDF stands for “graphe dénombrablement fermé”, namely “countably closed graph”.
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6.5 Intersections of L? spaces

In this final section we recall, for the reader’s convenience, the main results obtained in [31],
specialized to our setting. Set I = (1,+00) and define

T =) L"(n)
pel
with the initial topology, which makes each inclusion 7 — LP(G) continuous, and
U = span U LYG)
qel
with the final topology, which makes each inclusion L4(G) < U continuous.

Theorem 6.5 ([31]). The space T is a reflexive Fréchet space and U is a complete reflexive locally
convez topological vector space. For each g € U, the linear map

e /G o) () dz = g(f)

is continuous and g — ¢(+) identifies, as topological vector spaces, the dual of T with U. For each
f €T, the linear map

g /G f(@)g(x) dz = f(g)

is continuous and f — f(-) identifies, as topological vector spaces, the dual of U with T .

Proof. Here we refer to [31]. Observe that the Haar measure § is o-finite since G is locally
compact and second countable and ( is finite on compact subsets. Furthermore, denoted by
I = {p% | p € I}, clearly I' = I. Proposition 2.1 and the following remark show that the map
f = {f, )u is a topological isomorphism from 7 onto the strong dual of U.

Theorem 2.1 and Corollary 3.2 show that the map g — (g,-)7 is a topological isomorphism
from U onto the strong dual of 7.

Hence we can identify, as topological vector spaces, the dual of 7 with ¢/ and the dual of U
with 7. So that both 7 and U are reflexive locally convex vector spaces. Theorem 3.1 proves that
T is a Frechét space and Corollary 3.3 shows that U/ is complete. O

Note that, since 7 and U are reflexive spaces, they are barrelled (Theorem 2 IV.2.3 of [25]).
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